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ABSTRACT
RECONCEPTUALIZING MATHEMATICS EDUCATION
May 2004
MELINDA ANN SMITH
ASSOC. SEC.ED. ABRAHAM BALDWIN AGRICULTURAL COLLEGE
B.S. ED. GEORGIA SOUTHERN UNIVERSITY
M. ED. VALDOSTA STATE UNIVERSITY
Directed by: Professor Ming Fang He
This dissertation is to explore theoretically mathematics education in the United
States and the need for reconcepualizing mathematics education.

Mathematics education

needs reconceptualizing because students know very little mathematics by the time they
graduate from high school. Mathematics has become a subject to be feared and dreaded
for centuries. High school teachers blame middle school teachers, middle school teachers
blame elementary teachers, and elementary teachers blame parents for their students' lack
of preparedness in mathematics. Elementary teachers express frustration in teaching
mathematics because of their own lack of content knowledge and lack of preparation for
the mathematics component of their profession. Regardless of who is to blame, most
students entering high school are not prepared to problem solve nor are they interested in
mathematics except as the dreaded requirement needed to graduate.
Because I have been involved in mathematics education for more than three
decades, I have seen many programs come and go. I have seen different types of
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pedagogy be the "in" way to teach mathematics. Naturally, technology has influenced
mathematics education tremendously in the last decade. Unfortunately, many
mathematics educators use technology as a crutch instead of using it to enhance
mathematics education.
Mathematics education in the United States has been debated for over three
centuries. The debate is ongoing. Standardized testing has become a way of life in
schools today. Teachers are expected to tell the students exactly what they are supposed
to know in mathematics. Standardized tests do not allow students to be creative or
struggle in their quest for knowledge because teachers must make sure they have covered
the material for the test. The No Child Left Behind Act of2001 (NCLBA) adds to the
problem of mathematics education. The shortage of mathematics teachers throughout the
nation is acute. Compliance with the NCLBA requires more mathematics teachers than
can possibly be found.
My purpose in writing this dissertation is to convey my thoughts and ideas about
how the study of mathematics developed, how mathematics education progressed
throughout history how mathematics education is "progressing" today, and how
mathematics education will progress in the future. In my opinion, teacher preparation of
elementary and middle school teachers will be a very strong component in the
reconceptualization of mathematics education. Mathematics teachers at all levels should
be grounded in a history of mathematics and be cognizant of the development of
mathematics education throughout the relatively short history of America. Furthermore,
a dialogue must be implemented and maintained between mathematics educators at all
levels. With the implementation of this dialogue, mathematics education will become a
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subject of intrigue and beauty and will no longer remain the subject to be feared and
dreaded.
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In most sciences one generation tears down what another has built, and what one
has established another undoes. In mathematics alone each generation builds a new
story to the old structure.
Hermann Hankel
Chapter I
Introduction
Mathematics education has been a passion of mine since 1970. The quote from
Hermann Hankel describes mathematics education perfectly. Mathematics education is
like a building. Without a solid foundation, it would crumble at the first sign of
adversity. For too many years, "people in the know" have wanted the high schools to
repair all the knowledge and skills students lack when they enter secondary education. It
is similar to putting a roof on a house with only one two by four to hold it up.
Autobiographical Roots of My Inquiry
I have been a mathematics teacher for over thirty years. I have not won any
awards for outstanding teacher nor have I felt the desire to blow my own whistle. I have
been happy teaching mathematics in the high school classroom. After I graduated from
college, my first job was teaching mathematics in a junior high school. Because of my
lack of experience and my lack of support at the school, I decided that I would never
teach mathematics again. Fortunately, my attempts at another type of work were
unsuccessful and I returned to teaching the following year. "Down in the trenches" is a
common expression used by educators who are in the classroom. I have been "in the
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trenches" since 1970. Throughout three decades, I have taught every level ot mathematics
in secondary school as well as college level mathematics as an adjunct instructor.
Because I have been in mathematics education for such an extended period of
time, I have seen "new math" come and go. I have seen different methods of delivery of
instruction that seem to be the "in" things to do at any particular moment. Of course, the
use of computers and calculators has influenced mathematics classroom instruction
tremendously in the last decade. Unfortunately, what I have observed is that students do
not understand the mathematics being presented nor are they able to problem solve.
Many students do not know basic arithmetic facts by the time they enter secondary
school. Teachers in high school must spend too much time teaching basic arithmetic
instead of teaching the mathematics required to function in today's society, whether the
function is in a technical field or in preparation for college.
Because I have been teaching mathematics in secondary school, I have heard the
high school teachers blame the middle school teachers, the middle school teachers blame
the elementary teachers, and the elementary teachers blame the parents for their students'
lack of preparedness in mathematics. Regardless of who is to blame, the fact is that
students entering high school have very weak computational skills and this affects their
ability to problem solve. Many elementary teachers do not like to teach mathematics. At
conferences and workshops that I attend, elementary teachers express frustration in
teaching mathematics because of their own lack of content knowledge and lack of
preparation for the mathematics component of their profession. Consequently, their
students do not like mathematics and do not know how to engage in mathematics when
they enter middle school whether the activities involve computation or problem solving.
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Today's students do not find mathematics relevant to their every day lives. Most
of my students say they are going to pay someone to take care of their financial affairs for
them when they get older. Since most of my students do not follow the news, they are not
aware of many people in this world who are just waiting for them to complete high
school and enter adulthood so they will become easy prey for deception. It is our
responsibility as teachers to help students prepare for what the world may throw at them.
In the Principles and Standards for School Mathematics (2000), the National
Council of Teachers of Mathematics (NCTM) sets broad standards that help teachers and
curriculum administrators improve mathematics education in our schools. Although
there will never be a set of standards on which all mathematics educators and the public
interests will agree, the Principles and Standards is intended to do the following:
o

set forth a comprehensive and coherent set of goals for mathematics for all
students from prekindergarten through grade 12 that will orient curricular,
teaching, and assessment efforts during the next decades;

• serve as a resource for teachers, education leaders, and policy-makers to
use in examining and improving the quality of mathematics instructional
programs;
• guide the development of curriculum frameworks, assessments, and
instructional materials;
• stimulate ideas and ongoing conversations at the national, provincial or
state, and local levels about how best to help students gain a deep
understanding of important mathematics. (NCTM, 2000, p. 6)
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Implementing the standards set forth by the NCTM and local boards of educations
presents an enormous challenge for mathematics education. One of the biggest factors
that inhibits successful mathematics education is the shortage of mathematics teachers at
the secondary level. In our county, there are no applications on file for a potential
mathematics teacher. The school where I teach, as well as schools in the surrounding
counties, is employing long-term substitutes to fill the void of mathematics and science
teachers. In most cases, the substitute is not qualified to teach mathematics or science.
Unfortunately, the lack of mathematics teachers reminds me of the situation prevalent in
the early 1970s. An accepted practice of the administration at that time was if a teacher
had taken mathematics in high school, then, that teacher was able to teach it. During the
same period of time, teachers who were not qualified to teach mathematics taught the
lower level mathematics classes. This problem is perpetuated. Many of our colleges and
universities have declining enrollments in their schools of education especially in
mathematics education. Why would a twenty-two year old mathematics student want to
teach with a starting salary of $26,000 plus all of the hassles that go along with the job of
teaching when the student could go into business, engineering, or the computer field for
$15,000 more in their starting pay? When I attend mathematics conferences and visit
colleges, I find mathematics students are usually not interested in teaching.
Consequently, if this trend is not reversed soon, our visions for informed and
knowledgeable mathematics students will be shattered. The problem of a shortage of
mathematics teachers is a national problem as well as a local problem.
Since President Bush has implemented the No Child Left Behind Act of2001, all
schools have been put on alert that they are accountable for the knowledge that each child
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obtains while at that particular school. Subsequently, the only way to show
accountability, according to the "experts" in charge, is through standardized testing of
students as young as kindergarten age. The "experts" do not care about what kind of
home life the child has or what kind of environment the child is exposed to every day
when he or she leaves school. Standardized testing has become a way of life in our
schools today. I understand the need for accountability in our schools. However, one of
my retired colleagues said that students learned more in the 1970s because the student
was held accountable for his or her learning, not the teacher. I am not saying that
teachers should be mere spectators for a student's learning process. The teacher is
invaluable.

However, in today's educational community, teachers are expected to

"spoon feed" their students. Teachers are supposed to tell students "exactly" what they
need to know. Students are not allowed to be creative or to struggle in their quest for
knowledge because it takes too much time. Teachers must get the material covered for
the students to do well on the standardized test!
My purpose in writing this dissertation is to convey my thoughts and ideas on
how the study of mathematics developed, how mathematics education "progressed"
throughout history, how mathematics education is "progressing" today and how
mathematics education will progress in the future. I have emphasized the word
"progress" because, as one will see in this dissertation, mathematics education has
progressed very little in the last century. Initially, I was going to do a quantitative and
qualitative study in the field of mathematics education for my dissertation. However, my
committee encouraged me to write a theoretical dissertation because I have been in the
field of mathematics education for a long period of time and I am passionate about the
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subject. After doing research on this dissertation and subsequently writing it, I am
amazed that we, in mathematics education, are still battling the same problems that
occurred literally centuries ago.
Because I avoided any course as much as possible that ended in history, "ology,"
or "phy" in graduate school, I chose to study the history of mathematics in my
dissertation before I discussed mathematics education. If the brilliant people throughout
history had not had a passion for mathematics and why the universe works as it does,
there would be no mathematics education. I am not alone in the fact that most of my
colleagues in mathematics education avoided courses that required writing several
papers. As it so often happens, 1 am now writing the longest paper of my life as a
consequence of not writing papers for other courses. Fortunately, I realized the
importance of being able to communicate what one feels and knows about a subject. I
am grateful that most of the mathematicians chose to write their thoughts and discoveries
so that their ideas could be passed from generation to generation. Unfortunately, some of
the most famous mathematicians chose not to write down their discoveries in a manner
that could be interpreted by others. Consequently, other mathematicians spent years
trying to interpret those mathematicians' discoveries. Some of the mathematicians were
literally afraid for their lives in some parts of the world because they were often thought
of as heretics or smarter than the prevailing leader at that time. In hindsight, I believe
that all potential mathematics teachers should be required to study the history of
mathematics. Instructors who prepare teachers who will be teaching mathematics of any
kind should require prospective teachers have some knowledge of the history of
mathematics, not only secondary and college teachers. However, I think a history of
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mathematics course should be different for students who are going to be mathematics
educators in public secondary schools than for students who are going to do primarily
mathematic research. In my opinion, a history of mathematics course for educators
should be an actual history course about how mathematics was developed, not about
proving theorems.
Let me reiterate the point that I am trying to make in this dissertation. This
dissertation is not about pure mathematics. Professors say it is best to read the primary
source. I concur with that assessment. However, I do not have the desire to learn French,
Italian, German, Russian, Chinese, and Arabic, to name a few languages, in order to read
the original works by the mathematicians whose names and contributions I will mention
in Chapters II and III. Furthermore, when I did read some of the original manuscripts of
proceedings from the hundreds of committees that met in the twentieth century to discuss
mathematics education, I found that the summaries of these meetings in "secondary
sources" were more than sufficient to illustrate the points that I am making in this
dissertation. In teaching, we call doing something again once it has been done and used
as "reinventing the wheel." During my dissertation inquiry, I found that many authors
were citing each other and restating the same information and possibly adding on one
paragraph of original thought. I would tend to skip the material stated by others whom I
had already read and try to find the original material by the author I was reading. Quite
often, it was hard to find any original thought by the author; instead I found citation,
followed citation of other's works. I understand the need to go to the original document
if one is trying to refute or disprove one certain aspect of a theorem or a supposition
made by others. However, what I am trying to do is synthesize the history of
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mathematics and mathematics education to make my point in reconceptualizing
mathematics education. I cannot possibly discuss all of the great discoveries made by all
of the mathematicians. I tried to focus on the ones who are the most familiar to teachers
in general and introduce some mathematicians who are somewhat obscure to
mathematics teachers but who contributed enormously to the field of mathematics.
In preparing Chapter IV, The History of Mathematics Education in the United
States, I had no idea about how many times the NCTM, MAA, and CEEB committees
had met to discuss mathematics education in the United States. I remember attending
many state and local committee meetings regularly and nothing got accomplished. In
reading some of the original manuscripts, I found the written documents to be wordy and
boring. A summary of the document would have sufficed. The No Child Left Behind Act
is next to impossible to read. I believe documents of this type are often intentionally
written in such ways that the average person cannot decipher them. For example, in
Subpart 1, SEC.l 111, subsection 2b, sub-subsection D (ii) states:
except as provided in subparagraph (I)(i), may not use those indicators to
reduce the number of, or change, the schools that would otherwise be
subject to school improvement, corrective action, or restructuring under
section 1116 if those additional indicators were not used, but may use
them to identify additional schools for school improvement or in need of
corrective action or restructuring (NCLBA, 2001, SEC.l 111).
In this dissertation, I hope to shed some light on research that has been done in
mathematics education, particularly in the lack of teacher preparation of elementary
teachers to teach mathematics. My main focus in the final chapter will be on teacher
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preparation for all potential mathematics teachers. Throughout the dissertation, I will
interject my own thoughts and ideas along with the voices of experts who are currently in
the field of mathematics education. Because of my vast experience as a high school
mathematics teacher, I hope to convey my passion as a mathematics educator and my
vision of the reconceptualization of mathematics in our schools. Of course, I do not have
any answers to the problems in mathematics education. Actually, I have more questions
than answers. For instance, why has teacher preparation in the field of mathematics
education not been strengthened for elementary teachers and middle school teachers?
Has the calculator made our students totally dependent on technology to solve even the
most basic arithmetic problems? Why has mathematics not been taught as a subject of
intrigue and beauty rather than a subject to be endured and usually hated?
My intended audience for this dissertation is anyone who is interested in changing
mathematics education. Hopefully, administrators, curriculum coordinators, mathematics
educators, and particularly those people who are responsible for teacher training will get
a glimpse of a different way of thinking about mathematics education. I present my own
thoughts on mathematics education. However, I am not the only mathematics teacher
who thinks about the sad state of mathematics education in our schools today. Perhaps
there are others in the field of mathematics education who share my hopes and dreams for
the future of mathematics education.
Overview of Dissertation
My dissertation consists of six chapters. In Chapter I, I discuss why I decided to
write this type of dissertation and why I think there is a need to present my thoughts and
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ideas about mathematics education because of what is happening in mathematics
education today.
In Chapter II of my dissertation, I discuss mathematics education as an evolution
throughout recorded history. I briefly discuss mathematics from the Egyptian era through
the Dark Ages. I find it fascinating how mathematics was used in different walks of life
and how men pursued the study of mathematics as an avocation. In this chapter, I focus
on how mathematics developed slowly at first, and then began to develop more rapidly as
civilizations flourished and the need for mathematics increased. Most of my information
for the historical portion of my dissertation will come from the History of Mathematics,
second edition, by Boyer (1991), A History of Mathematics by Cajori ( 1938), Katz
(1993) as well as many other history of mathematics books.
In Chapter III, I continue to discuss how mathematics progressed from the
fifteenth century through the twentieth century. The study of mathematics flourished
during this period. People began to travel extensively spreading knowledge and ideas
throughout the world. The arts, humanities, philosophy, science as well as mathematics
were widely discussed and studied throughout Europe. France, Italy, Germany, and
Sweden produced many scholars of mathematics during this period in history.
Throughout history, the church played a major role in who was educated. As modes of
transportation improved, discoveries in mathematics spread from Europe to the United
States after colonial development was established.
In Chapter IV, I discuss how mathematics education developed from the
eighteenth century through the twentieth century in the United States. Since the United
States is such a young country compared to the countries in most of the world.
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mathematics education in America has been developing for less than four centuries.
Throughout this chapter, I discuss how mathematics education developed in the
elementary, middle, secondary, and college levels. Teacher training and pedagogy are
also extensively discussed. The main focus of this chapter is on the forces that have
driven and continue to drive mathematics education. Changes in society, technology,
psychology, wars, and space travel are just a few of the forces that have had tremendous
impacts on education. In the latter part of this chapter, I give a personal account of what
was happening in mathematics education during the last quarter of the twentieth century
since I was a teacher during that period of time. The report, A Nation at Risk (1983), had
a tremendous impact on education. After it was published in 1983, educators decided
changes needed to be made in education. However, in my opinion, change is not always
good. Also, NCTM published its Curriculum and Evaluation Standards for School
Mathematics in 1989 as a result of the report, A Nation at Risk. Furthermore, NCTM
published its Principles and Standards for School Mathematics in 2000 as somewhat of a
revision of the 1989 document. I discuss more about these publications in this chapter
and my own personal comments in Chapter V.
In Chapter V, I discuss the definition of reconceptualization. William Pinar
defined reconcepualization in curriculum as the continuous discourse between its
participants where no definitive definition would suffice. Reconceputualization can have
no definition because of its very nature- always changing. Education must always be
changing to meet the needs of the students and must never be stagnant in its endeavor to
accomplish this goal. Using Pinar's definition of reconceptualization, I discuss what is
presently happening in mathematics education. Perhaps, I should say what is not
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happening in mathematics education. I share some of my own ideas about what I think is
happening in mathematics education and how my own teaching style and philosophy
have changed through the years. Topics include the thought processes in mathematics,
the purpose of mathematics education, problems in school mathematics curriculum, and
the interrelatedness of mathematics with many other subjects such as philosophy,
language ecology, and science.
Finally, in Chapter VI, I discuss what visions I and others have for mathematics
education. Although my major theoretical framework for this dissertation is
reconceptualization, constructivism plays a major role in my own classroom. I use a
constructivist approach by using what the students have experienced before coming to me
and using their experiences to help them "construct" their own knowledge of the subject.
Unfortunately, reconceptualization of education seems to move at a very slow
pace and, in some instances, is undetectable. However, mathematics is not a stagnate
course of study. I envision a mathematics classroom where the students discuss
mathematics in the same way they would discuss art appreciation or poetry. Mathematics
education continues to it evolve. Who knows what kind of mathematics will be needed to
explore other planets?
In this dissertation on the reconceptualization of mathematics education, I wish to
give the reader a sense of what mathematics education is and what it could be in our
classrooms. It is my hope that people who profess to be "non-mathematical" will find
this dissertation easy to read and will not deem it too "theoretical." Unless we as
educators can change the way others perceive mathematics, mathematics education will
continue to be the number crunching game and a subject to be feared. Change will
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happen only if mathematics educators have visions of what could exist in the classroom.
Isaac Asimov expresses perfectly what I feel in the following quote from the forward of
A History of Mathematics (1991), "Nothing pertaining to humanity becomes us so well as
mathematics. There, and only there, do we touch the human mind at its peak" (Boyer,
1991, p. viii).

Chapter II
A HISTORICAL PERSPECTIVE ON MATHEMATICS
THROUGH THE DARK AGES
Introduction
In this chapter on the history of mathematics and mathematics education, I give a
brief overview of the beginnings of mathematics before recorded history, of mathematics
in ancient times such as the Egyptian and pre-Hellenistic period, and of mathematics in
Medieval times. In Chapter III, I trace the development of mathematics and mathematics
education through the twentieth century. In both chapters, I use various histories of
mathematics texts as my main resources.
While discussing with my students the history of mathematics and some of the
mathematicians who made great discoveries in mathematics, they invariably suggest that
these people (meaning the mathematicians) had nothing better to do with their time than
to sit around and think about mathematics. I am quick to tell my students they should be
glad these mathematicians and scientists were great thinkers because, without their great
discoveries, we would still be warming ourselves with fire made by striking two stones
together and we certainly would not be using the modes of transportation we enjoy today.
To combat this scenario, we should have a mathematics appreciation course in our school
curriculum just as we do art and music appreciation courses. At the very least, some
aspects of the history of mathematics should be incorporated into mathematics courses.
Moreover, students would appreciate mathematics more if they knew some of the history
behind it and could really delve into the lives of the mathematicians. Because of time
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constraints in our schools and mandated testing, we cannot discuss the history of
mathematics for any appreciable time. I will discuss this unfortunate aspect of teaching
further in subsequent chapters.
The Beginnings of Mathematics
Mathematics arose from the everyday uses of objects and the need for survival in
prehistoric times. There were the notions of sameness, difference, magnitude, height,
roundness, etc, that developed from the things around mankind and his/her anatomical
features some 300,000 years ago. No one tribe or group can be credited with any of the
above discoveries. It seemed to have just developed over hundreds of millennia. In
Czechoslovakia, a bone of a young wolf was found that had fifty-five notches carved in
it. The notches were arranged in two groups-one composed of twenty-five notches and
one group of thirty notches. Within those groups, the notches were in groups of five.
This particular bone was estimated to be around 30,000 years old. One can only imagine
the purpose of the notches or the significance of the groupings. According to Closs
(1986), through studies of several hundred tribes of American Indians, historians learned
that the early ancestors of Native American Indians used several different types of
number systems such as binary, ternary, quinary, and decimal. The vigesimal system,
which uses twenty as its base, was used by about ten percent of the tribes.
The concept of language was a big stumbling block in the formation of bases
other than ten. Before there was language, humans used signs and pictures to illustrate
the meaning of situations in everyday life. Notches on sticks or stones were ways of
depicting what certain numbers meant. Base five was the first base to be discovered in
evidence from artifacts. However, base ten quickly took over when language was
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introduced. Naturally, parts of the body or objects were used as forms ol measurement
such as the hand and foot. The height of horses, even in much later periods of history,
was measured in "hands".
Archeologists suggest that numbers were used in religious rituals and used as the
ordinal aspect rather than the quantitative, using numbers to represent order or
male/female. Of course, this is just a theory. However, this theory would coincide with
findings from other parts of the world in ritual practices by other civilizations. All of the
findings on numbers and counting in the prehistoric era are simply conjectures because of
the lack of quantity of artifacts. Perhaps there were civilizations in other parts of the
world that have not been discovered. According to Katz (1993), the information retrieved
from the few artifacts that have been discovered is an interpretation by the archeologists
who study these artifacts thus leaving ample room for error. However, it is enough to say
that numbers and counting were used in prehistoric times before there was oral language
and written communication. It is amazing that these simple concepts that we take
completely for granted were great leaps forward in the development of mankind and
civilization. Zero, a number we take for granted, was developed during this period in
ancient history (Kaplan, 1999).
Egyptian and Babylonian Mathematics
Periods of time that mark the different eras in our civilizations are, of course,
arbitrary. One period does not abruptly end and another one begin. Furthermore, eras
ended differently in various locations on the planet. The Stone Age, for instance, ended
in the regions of Asia and Africa before ending in Europe. Who is to say with precision
when certain eras of history began? In reading through the different accounts of the
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history of mathematics, one realizes that discoveries were made in mathematics and
science simultaneously in different parts of the globe. How could any one group or
civilization be credited, with assurance, that they were the first to "discover" a particular
theory or invention? With the discoveries of new artifacts from civilizations using
modem technology, who knows what may be discovered to disprove what some of us
consider fact?
Over four thousand years ago, people in the Mesopotamian and Nile valleys
used a form of writing known as cuneiform. Cuneiform was developed by using a
wedge-shaped instrument that put marks into clay. Because of the work done by Fr.
Thureau-Dangin in France and Otto Neugebauer in Germany and America in the last
century, decipherment of tablets found in the Mesopotamian region showed an
appreciable amount of mathematics being used in the region (Boyer, 1991).
Egyptian hieroglyphics were found dating back more than five thousand years.
These carvings were found in tombs and on ceremonial documents. The Egyptians used
the base-ten number system. The Pyramids were built using this number system.
Different markings were used for different numbers such as a single vertical bar was used
to represent 10. The Egyptians were found to be very accurate in their counting and
measuring abilities. Because of this accuracy, the pyramids were built with extreme
precision. Furthermore, because of their interest in astronomy and the flooding of the
Nile, the Egyptians developed the first year-long calendar around 2772 B.C.
During this same period, many papyri were written by scribes depicting
mathematics used during that era (Boyer, 1991; Kline, 1972). The Rhind Papyrus
(sometimes known as the Ahmes Papyrus), the Kahun Papyrus, and the Moscow Papyrus
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were all discovered to contain much information concerning the mathematics used in the
Egyptian era. The extensive use of fractions and decimals as well as algebraic problems
used by the Egyptians were discovered on these papyri. The unknowns were referred to
as "aha" or "heap." Because of the use of cats, mice, and ears of spelt (grain or com), the
problems on the Rhind Papyrus were presumed to be practice problems for young
students. From the interpretation of one particular problem using seven ears of grain,
seven cats, seven mice, and seven houses, the nursery rhyme. How Many Were Going to
St. Ives, was later developed (Boyer, 1991).
Egyptians used geometry in building pyramids. Their rule for finding the area of a
circle was considered one of the most remarkable achievements of the time. Although,
the Egyptians did not have a clear distinction between exact and approximate
relationships, they had a firm grasp of interrelationships between geometric figures even
though there is no evidence of a theorem or formal proof in their mathematics. In fact,
their interrelationships between geometric figures are some of the first statements in
history concerning curvilinear figures. Unfortunately, the Egyptians did not progress as
much as they should have in the field of mathematics. They used simple addition as the
basis for much of their mathematics with an occasional extremely complex problem to
facilitate technique rather than facilitate understanding. Although they had some
mathematical development early on, their development lagged behind the
Mesopotamians.
The Mesopotamian civilizations are sometimes known as Babylonian even though
the city of Babylon was not the center of culture and trade. The Babylonian civilization
existed from approximately 2000 B.C. to around 600 B.C. In the tablets found in this
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region, the sexagesimal number system was used by the Babylonians. No one really
knows why the Babylonians preferred this system using base sixty over the decimal
system. Some archeologists seem to think the change to sexagesimal could have been
politically motivated or simply could be the combination of the decimal system and the
use of base six. Furthermore, the Babylonians had no symbol for zero in their number
system until around 300 B. C. They would simply leave a blank space in the place of a
zero. Around the time of their conquest by Alexander the Great, the Babylonians
developed a symbol for zero ( Ball, 1927; Cajori, 1938).
Mesopotamian mathematics evolved considerably in the roughly fifteen hundred
years of its existence. Mesopotamian mathematics not only used order when defining
position of whole numbers but also the ordering of fractions. Mesopotamian
mathematicians were adept in developing algorithms for division as well as finding
square roots of numbers. They discovered that finding the square root of non-perfect
squares was an infinite process. Furthermore, they developed tables for logarithms,
antilogarithms, and perfect squares. The only problem with these tables was the
inconsistency of what base to use when developing the tables. There were huge gaps
between the numbers of the tables, thus making their use very awkward and time
consuming.
Algebra in Mesopotamia was much more complex than in Egypt. Algebra
problems consisted of second and third degree equations. Geometry was considered
applied arithmetic although they used the Pythagorean Theorem extensively. Like the
Egyptians, the Mesopotamians lacked a clear-cut distinction between what problems
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required exact or approximate results. Furthermore, there is very little indication that the
Mesopotamians studied mathematics for its own sake but only for utilitarian purposes.
Although the Mesopotamians developed the study of mathematics more dramatically than
the Egyptians, they did not take full advantage of the opportunities afforded them after
discovering new insights into the field of mathematics. Perhaps, like most civilizations at
that time, they spent most of their time trying to survive and did not consider the study of
pure mathematics a practical endeavor. Perhaps the clerical work of scribes—those able
to write and cipher, did not allow time to pursue other knowledge. Unfortunately, the
study of pure mathematics is still looked on quite the same way today. In public school
systems today, many very important and interesting topics in mathematics cannot be
studied in the course of a normal classroom environment because of the time spent on
covering objectives that will be on the state mandated tests.
Greek Mathematics
The cultural centers of the world started to change toward the Mediterranean Sea
roughly around 800 B.C. The Greeks trace their heritage back to this period. Two Greek
mathematicians emerged around this time even though they are not considered great
contributors to the field of mathematics.
Thales of Miletus (ca. 624-548 B.C.) was said to have contributed the following
to the field of mathematics: an angle inscribed in a semicircle is a right angle; however,
there is no written proof to that effect. He could have possibly heard this in his travels to
Babylon. He is also said to have contributed the Side-Angle-Angle theorem of
congruence of two triangles. Although Thales is given credit for arranging some
geometric theorems into a logical deductive proof, there is no written account of what
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Thales contributed to the field of mathematics. His contributions are all hearsay. Yet,
Proclus (485-410 B.C.) the Neoplatonic philosopher, wrote in his book. Commentary on
the First Book of Euclid's Elements, that Thales went to Egypt and learned much about
geometry. However, Thales developed some of the propositions himself when he
returned to Greece (Boyer, 1991; Cooke, 1997).
Pythagoras of Samos (ca. 580-500 B.C.), a mystic and a prophet, started a
commune whose members were called the Pythagoreans. Their motto was "All is
number." The works of Pythagoras cannot be substantiated because many of the records
from that time period could not be found. It is believed, like the works of Thales,
Pythagoras derived his theorem from the works of the Babylonians (Amir, 2000; Kline,
1972).
During this period, numbers took on meanings whereas each number had its own
particular attributes. For example, odd numbers were considered male. Ten, considered
the holiest number, was thought of as all powerful and all producing. The Pythagoreans
established arithmetic as a branch of philosophy. Arithmetic was also thought of as an
intellectual discipline. The Pythagoreans were also given credit for the construction of
regular solids and the theory of proportionals even though there are no definitive written
statements to that effect. Historians, who speculated later about what probably happened
during that period, wrote much of the history of mathematics. During that same period,
the Ionian or alphabetic numerals were introduced. The Ionian scheme of numeration
consisted of nine characters for integers less than 10, nine for multiples of 10 that are less
than 100, and multiples of 100 that are less than 1000.
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In summary, the Thalassic Age was a period of time where very few mathematical
ideas were developed in comparison to other periods of history. The Pythagoreans were
philosophical and thought abstractly, thus having very little use for the computational or
the theoretical components of mathematics. Because of the written accounts of this time
period, Thales is often thought of as the first mathematician. It is amazing how
influential a few select people were in ancient days. Thales and Pythagoras were known
as great thinkers whereas research implies that they could have possibly stolen their ideas
from the Mesopotamians. Does this remind us of some of the things that occur in today's
society? How did anyone know who discovered what or who wrote what in those days?
There were many civilizations developing around the world at that time, and travel
between them was very limited. Because of the language barrier, how could anyone
know what another person had discovered?
The Heroic Age of Mathematics
During the last half of the fifth century B.C., there were many more centers of
culture that flourished all around the Mediterranean. Seven mathematicians emerged
from the region: Archytas of Tarentum (bom ca. 428 B.C.); Hippasus of Metapontum
(fl.ca. 400 B.C.); Democritus of Abdera (bom ca. 460 B.C.; Hippias of Elis (bom ca. 460
B.C.); Hippocrates of Chios (fl, ca. 430 B.C.), Anaxagoras of Clazomenae ( 428 B.C.)
and Zeno of Elea (ft, ca. 450 B.C.). These mathematicians contributed to six specific
problems that emerged from the Heroic Age: "the squaring of the circle, the duplication
of the cube, the trisection, the ratio of incommensurable magnitudes, the paradoxes on
motion, and the validity of infinitesimal methods" (Boyer, 1991, p. 81). Although other
periods in history produced many other mathematicians, these men, who emerged at a
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time when there were virtually no methodological resources, produced a bold attack on
these fundamental mathematics problems.
Plato and Aristotle
In the Phaedo of Plato, the dialogue of Socrates just before his death, Socrates
describes his concern with his doubts in mathematics and natural science:
1 cannot satisfy myself that, when one is added to one, the one to which
the addition is made becomes two, or that the two units added together
make two by reason of the addition. I cannot understand how when
separated from the other, each of them was one and not two, and now,
when they are brought together, the mere juxtaposition or meeting of them
should be the cause of their becoming two (Boyer, 1991, p. 83).
Socrates contributed nothing to mathematics. However, his pupil, Plato, was one
of the leading mathematical thinkers of the fourth century B.C. Plato had an academy at
Athens. The motto over the door of his academy was "Let no one ignorant of geometry
enter here"(Boyer, 1991, p. 84). Even though Plato was not a mathematician as such, he
was probably converted to mathematical thought by Archytas, a friend of his from Sicily.
Plato associated five regular solids to the four elements of the universe. Fire is associated
with the tetrahedron; Earth, the cube; water, the icosahedron; and air, the octahedron.
The Pythagorean influence could have possibly influenced Plato to associate the fifth
solid, the dodecahedron, with the universe. These five solids are still known today as the
"Platonic Solids"(Kline, 1972). Actually, Theaetetus first wrote about the solids and it is
to him the credit of the theorem that states there are five and only five regular polyhedra
should be given. In his tribute to his friend Theaetetus, Plato gave Theodorus of Cyrene
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the credit for proving the irrationality of the square roots from three to seventeen. It is not
known how he accomplished this or why he stopped with seventeen because most of the
works of Theodorus were lost.
Although Plato was a student of mathematics, he was an elitist in that he thought
pure mathematics should be taught to all statesmen whereas artisans and craftsmen were
taught arithmetic and simple geometry (The elitist attitude still prevails in our universities
today.) Plato wanted the reasoning in geometry to be thought of as absolute ideas instead
of visual figures. He not only wanted students to think of numbers as merely odd or
even, but as even times even, odd times even, and odd times odd.
The role that Plato played in the emergence of mathematical ideas is widely
disputed. Some regard him as a very deep thinker who had little impact on developing
mathematical ideas. Others thought of his Platonic Academy in Athens as the greatest
mathematics center of the known world. The Academy produced some of the best
teachers of mathematics and researchers during the middle of the fourth century B.C.
Eudoxus of Cnidus was one of them. Eudoxus defined the equality of ratios. His concept
of ratio excludes zero and it clarifies what is meant by equal magnitudes of the same
kind. Eudoxus is considered the founder of integral calculus because of his theorem
concerning the magnitudes of curvilinear figures. Although he influenced others whom
he taught and his work was carried on through other mathematicians, his works were lost.
Two of his pupils were brothers Menaechmus and Dinostratus. Menaechmus worked
mainly with curves and was disputed as being the mathematician who discovered the
ellipse, the parabola, and the hyperbola by cutting a right circular cone with a plane.
Dinostratus was credited with squaring of the circle. He used proportions, line segments.
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a circle with area equal to that of a rectangle, and geometric mean to square the circle.
The curve came to be known as the quadratrix (Kline, 1972).
During this time another important mathematician, Autolycus of Pitane, a
contemporary of Aristotle, wrote two treatises. The first treatise he wrote was on the
motion of spheres and the other was on the motions of stars. These treatises were not
profound books of original thought. However, they were good indicators of what the
Greeks knew about geometry (Smith, 1958).
Aristotle made no contributions to mathematics as such; however, he did analyze
the roles of definitions and hypotheses in mathematics. A philosopher, Aristotle did not
like to argue with mathematicians concerning abstractions and technical thoughts of the
time. Research indicates that he wrote a biography of Pythagoras that unfortunately has
been lost. The death of Aristotle and Alexander the Great marked the end of a great
period in the history of mathematics. The next great emergence of mathematicians was
during the Golden Age of Greek mathematics.
Euclid of Alexandra
Ptolemy I was an enlightened Egyptian ruler who controlled part of the Greek
empire. He established a school in Alexandria known as the Museum where he wanted
only the best teachers at this school. One of the teachers he wanted at the Museum was
Euclid. Euclid had written the Elements by this time. Little is known about Euclid's life
or even when he was bom. Although he is best known for the Elements, Euclid wrote at
least a dozen treatises on subjects ranging from optics, music, and astronomy to
mechanics. Unfortunately, half of these treatises have been lost. The works that survived
to this day are the Elements, the Data, the Division of Figures, the Phaenomena, and the
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Optics. Of these works. Elements is the most famous. The Elements is divided into
thirteen books of which the first six are on elementary plane geometry. The next three
books are on number theory, the tenth is on incommensurables, and the last three books
are on solid geometry. Books I and II deal mainly with theorems and postulates used in
high school courses of plane geometry. These two books are mostly the works of
Pythagoras. Books III and IV deal with the geometry of the circle and come from the
works of Hipposcrates of Chios. In Book V, Euclid tackled proportions. After
developing the theory of proportions in Book V, he used this theory to prove theorems
concerning ratio and proportion used in similar triangles and other polygons in Book VI .
In Books VII, VIII, and IX, he wrote about number theory.
When the Greeks talked about numbers, they referred to what we call natural
numbers. Euclid represented numbers using line segments. He would refer to a number
using AB as the length of a line segment. In Book X, Euclid classified line segments as
incommensurable or commensurable (having the same measure). Today we would think
of this as the precursor of irrational numbers. In this book, Euclid wrote one hundred
fifteen postulates "most of which contain geometric equivalents of what we know
arithmetically as surds" (Boyer,1991, p. 117). A surd is an irrational number which is a
root of a positive integer or fraction. The Greeks liked to deal with geometric concepts
rather than arithmetic algebra because they lacked the knowledge of a real number
concept. Geometric concepts were more concrete and less abstract.
Book XI contains thirty-nine propositions that are written about three-dimensional
figures and represent what is called solid geometry. Book XII contains eighteen
propositions all related to measurement of figures using the method of exhaustion. Book
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XIII contains properties of the five regular Platonic solids that were mentioned earlier.
There are eighteen propositions in this last book of the Elements. Most of these theorems
deal with properties of different geometric figures inscribed in the five solids. The last
proposition states that there are no other regular solids than the following fivetetrahedron, cube, octahedron, dodecahedron, and the icosahedron (Heath, 1956). The
Elements is considered one of the most influential mathematics textbooks of all time. It
was written around 300 B.C. but was copied and rewritten many times. Of course, errors
were introduced because of the rewriting process. However, later Greek manuscripts
dating from the tenth to the twelfth century were good sources of most of Euclid's
original work. Only the Bible surpasses the Elements in reprints. I personally found
Elements hard to read. The English translation is very choppy and the explanations do
not flow. Furthermore, as others have stated, something is lost in the translation of the
original work.
Archimedes of Syracuse
Archimedes studied in Alexandria under students of Euclid. However, he lived
and died in Syracuse where he was slain by a Roman soldier as the Romans invaded
Syracuse during 214 and 212 B.C. Archimedes invented weapons that were used against
the Roman army. Although Marcellus had given orders to spare his life, unfortunately in
time of war not every soldier gets the message. If he made weapons to help defend his
country against Rome, he probably went down fighting. He is said to have been seventyfive when he was killed. While studying the life of Marcellus, Plutarch discovered that
Marcellus was upset that Archimedes was killed by one of his soldiers. It is often the
case that invading forces ransack the tombs of the country they occupy thus destroying
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important documents and artifacts of that culture. Such was the case with much of
Archimedes works and the biography of Marcellus (Cooke, 1997). Archimedes was
known as the father of mathematical physics. He wrote several famous treatises on
physics: On the Equilibrium of Planes, On Floating Bodies, On the Measurement of the
Circle, On Spirals, Quadrature of the Parabola, On Conoids and Spheroids, The Method,
and On the Sphere and Cylinder. He also wrote the Book of Lemmas. As most of the
titles suggest, he was preoccupied with how things worked. He experimented with fluid
motion and levers, developed many theorems dealing with solids and trigonometry, and
did much work in the field of conic sections. Much of his work came very close to using
integral calculus -the concept of the limit of a function; however, he never achieved this
concept. The Book of Lemmas, a book that contains many of the simple problems of that
time, did not survive in its original form. The Method was actually a book of fifteen
propositions that Archimedes sent to Eratosthenes, a mathematician and librarian at the
University of Alexandra. An interesting point is made about The Method. From this
volume came Archimedes' favorite theorem. Proposition 2 of The Method that was
engraved on his tomb:
Any segment of a sphere has to the cone with the same base and height the
ratio which the sum of the radius of the sphere and the height of the
complementary segment has to the height of the complementary segment.
(Boyer, 1991, p. 138)
What is amazing is the amount of original material from ancient times that was
lost. The Method was discovered by accident in 1906 by a Danish scholar, J.L. Heiberg.
He had read that a palimpsest, a parchment where the original writing had been washed
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off and replaced with new and different text, had been found in Constantinople. After
close inspection, he found that the original text contained writings of Archimedes that
had been written on this parchment in the tenth century. On the palimpsest were writings
from the works On the Sphere and Cylinder, most of the work On Spirals, part of the
Measurement of a Circle, On the Equilibrium of Planes, and On Floating Bodies. All of
these works had been preserved in other manuscripts. However, the palimpsest is the
only written document of The Method. Hopefully, modem technology will help find
other discoveries of the mathematicians of ancient times.
Apollonius of Perga
The last of the great mathematicians of the Golden Age of Greek mathematics is
Apollonius of Perga. Little is known of his personal life, but he is said to have lived
during the reign of Ptolemy Euergetes and Ptolemy Philopater between 262 to 190 B.C.
Apollonius wrote a book entitled Quick Delivery that seemed to center around quick
methods of calculations. Most of Apollonius' works have been lost including Quick
Delivery. Some titles that have been discovered through works of Pappas include Cutting
off of a Ratio, Cut ting-off of an Area, On Determinate Section, Tangencies, Vergings, and
Plane Loci. Pappas combined some of the works of Apollonius and Euclid into a
collection known as "Treasury of Analysis." This was an advanced text for those
wishing to solve problems involving curves. Although some of Euclid's more advanced
works were included in "The Treasury," most of it was comprised of the works of
Apollonius that were not lost. Although most of his original works were lost, many of
them were translated into Arabic and later into Latin. An Arabic mathematician, Thabit
ibn Qurra, translated the last three books of the seven books of the Conies that was
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considered by some as Apollonius' best work. In the Conies, Apollonius showed that
the three conic sections could be shown from a single cone by simply varying the angle
of the plane cutting the cone. He generalized that the conic sections could be found by
cutting an oblique or scalene cone. He introduced the double-napped cone (two ice¬
cream cones with their vertices touching and their axes in a straight line). Apollonius is
credited with actually naming the conic sections as we know them today. Ellipse,
hyperbola, and parabola were not new terms; however, they were terms used for some
other purpose by the Pythagoreans in connection with the applications of areas (Ball,
1927). Apollonius was a product of the Greek view that equations were defined from
curves, not curves defined from equations. The Greeks, one of the most aesthetically
gifted people, were extremely close to establishing analytic geometry. However, their
points of view of the heavens were from straight lines and circles. They scarcely used a
dozen curves even though they came close to developing analytic geometry using the
coordinate plane. Apollonius had only geometric algebra at his disposal. Later, analytic
geometry would be developed by Renaissance mathematicians who understood
Renaissance algebra.
The Decline of Greek Mathematics
The decline of Greek mathematics began slowly as the study of trigonometry and
applied mathematics replaced any significant developments in pure mathematics. The
Greeks began to pursue more interests in philosophies, astronomy, religion, and cults
than in the study of mathematics. Although the study of trigonometry is now an
important part of pure mathematics, in the Greek era, it was studied only as it pertained to
astronomy or a mensurational (measureable) application.
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Aristarchus of Samos was a contributor to the study of trigonometry. Though the
discovery of trigonometry cannot be credited to any one person or nation, Aristarchus
claimed that the universe was geocentric. In his treatise, On the Sizes and Distances of
the Sun and Moon, Aristarchus asserted that the sun is more than eighteen, but less than
twenty times as far from the earth as is the moon.
A student of Archimedes and Aristarchus, Eratosthenes of Cyrene calculated the
perimeter of the earth to be about 252,000 stades or 25,000 miles. This estimate was by
far more accurate than his predecessors Aristotle, who surmised the perimeter of earth to
be about 40,000 miles, and Archimedes, who judged the perimeter to be about 30,000
miles. Eratosthenes contributed much to many fields of learning such as poetry,
astronomy, and history as well as mathematics. He is well known for his "sieve of
Eratosthenes," a systematic approach for isolating the prime numbers (Aaboe, 1964).
Hipparchus of Nicaea, who compiled the first trigonometric table during the
second half of the second century B.C., is known as "the father of trigonometry." He also
studied astronomy and was credited with organizing data from the Babylonians, drawing
up a star catalog, improving astronomical constants, and discovering the precession of the
equinoxes.
According to some historians, the most influential trigonometric work of all
antiquity. Mathematical Syntaxis, was written by Ptolemy of Alexandria. The Arabic title
for this book was Almagest ('hhe greatest") by which it is commonly named. Very little
is known of Ptolemy's life though it is assumed that he was bom at the end of the first
century. Ptolemy constructed the trigonometric tables using chords of circles. He
associated the chords of a circle with a number that represented an angle. Using the value
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of chord Vi degree, Ptolemy went on to build the trigonometric tables correct to the
nearest second. This table became an integral of Book I of Almagest and became a
necessary tool used by astronomers for a thousand years (Ball, 1927).
Like most thinkers of antiquity, Ptolemy thought of the universe as geocentric
making it unfathomable that the earth moved and spun on its axis. Ptolemy made other
contributions to geography, optics, and astrology. He wrote Geography that was to
geographers as Almagest was to astronomers. In Geography, Ptolemy described the earth
in longitude and latitude. Since there was no way to accurately determine longitude,
errors were prevalent in his book. Another book that he wrote on orthographic map
projections was Analemma. Planisphaerium was a book that described the stereographic
projection of the earth's surface by lines from a pole onto a plane.

In his work Optics,

Ptolemy wrote about the physics and psychology of vision. Using the geometry of
mirrors was an early attempt at the law of refraction. Ptolemy wrote a book titled
Tetrabiblos that represents a kind of sidereal religion to which most of the ancient world
succumbed. Today, we think of scientists and mathematicians as being rational people;
yet, this mysticism and applied mathematics were the downfall of Greek mathematics.
Mathematics was seen as a means to understand astrology with very little higher order
thinking used.
Heron of Alexandria is best known for his formula that uses the sides of a triangle
to find the area of the triangle. In his work Metrica, Heron uses numerical examples in
mensuration of lengths, areas, and volume. Other works by Heron were Geometrica,
Catoptrics, Pneumatics, and Mechanics. His name is associated with the algorithm to
find the square root of a number. However, the Babylonians were accredited with finding
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the square root of a number almost 2000 years before his time ( Boyer, 1991; Heath,
1981; Smith, 1958).
During the three centuries from Hipparchus to Ptolemy, mathematics was
considered an application to be used to develop astronomy or physics. The causes of
these mathematical concepts were not appreciated. Pure mathematical theory was no
longer taught.

However, during the second through the sixth centuries, mathematics

development increased (Ball, 1927; Smith, 1958).
Because of the scarcity of original documents surviving this period, the time
frame noted is an approximation. Rome dominated this region politically. Scholars were
at the mercy of whoever was ruling the Roman Empire at the time. The Romans were
only interested in the mathematics required to build great architectural structures for the
kings. Actually, most of the mathematics to perform these feats of architecture was low
level.
At the beginning of the "Silver Age" also known as the Later Alexandrian Age,
there emerged Diophantus of Alexandria who was a leading algebraist. Little is known
about his personal life. Commentaries have conflicting dates as to when he lived. His
chief work, Arithmetica, was a treatise of thirteen books with only six surviving. In
Arithmetica, Diophantus was concerned with solving equations not only with determinate
answers, but also indeterminate answers as well. Before Arithmetica, Babylonian
algebraists were satisfied with determining only approximations of solutions to
determinate equations. Even though Diophantus was sometimes referred to as the "father
of algebra," this title was somewhat misplaced since he actually did not discover algebra.
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His importance to algebra was in writing equations using abbreviations rather than
writing out the problems in words.
It has been said that three stages in the historical development of algebra
can be recognized: (1) the rhetorical or early stage, in which everything is
written out fully in words; (2) a syncopated or intermediate stage, in which
some abbreviations are adopted; (3) a symbolic stage or final stage. (Boyer,
1991, p. 180)
Such a distinction of the three phases is arbitrary. However, Diophantus was said
to have written Arithmetica in stage two. Regardless of what stage Diophantus was in, he
had a great influence on modem number theory. His later work was used extensively by
mathematicians in the modem age of mathematics (Heath, 1981).
During the reign of Diocletian ( 284-305), Pappus of Alexandria composed a
work titled Collection that was more like the works done by Euclid, Archimedes, and
Appolonius. The Collection was composed of eight books. Book I and part of Book II
were lost. However, much of the first two books seemed to have been extensions of the
principles of Appollonius. Therefore, historians were able to piece together what was
probably in the first two books. Book III was concerned with the logical precision in
geometry. Book IV dealt with problems of construction. In Book V, Pappus discussed
the sagacity of bees. He said that bees knew something about mathematics since they
constmcted their cells as hexagonal rather than square or triangular prisms. Books VI and
VIII dealt mainly with applied mathematics used in astronomy, optics, and mechanics.
However, in Book VII, Pappus came close to the fundamental principle of analytic
geometry. Descartes used Pappus' problem, "the locus to three or four lines," as his
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departure in his invention of analytic geometry ( Cajori, 1938; Cooke, 1997; Katz, 1993).
During the decline of mathematical thought, two mathematicians came to the
forefront though with restricted significance. Proclus of Alexandria (410-485) was more
of a philosopher than a mathematician. However, his Commentary on Book I of the
Elements of Euclid was of great significance. While writing Commentary, he helped
Eudemus with his History of Geometry that was the history of geometry before Euclid.
While Proclus was writing in Athens, Boethius (ca. 480-524) became the foremost
mathematician of the Roman Empire. A philosopher and statesman as well as a
mathematician, he authored textbooks for the four mathematical branches of the liberal
arts— Arithmetic, Geometry (included only statements of Euclid with no proofs),
Astronomy, and Music. These books were used in medieval monastic schools. It was not
known if any of these works contained original material because of so many later
interpolations of the books. However, it was concluded that many of his books were
based on the works of Euclid, Nicomachus, and Ptolomy. Even though he and his sons
served as consuls and Boethius was a chief advisor to Theodoric, he fell out of favor with
the emperor. Imprisoned for a very long time, he wrote his most famous work, De
consolatione philosophiae which discusses moral responsibility in relation to Aristotelian
and Platonic philosophy. Proclus was put to death in 524 or 525 ( Boyer, 1991; Katz,
1993).
The death of Boethius could be taken to mark the end of ancient mathematics in
the Western Roman Empire. The death of Hypatia marked the death of the academy in
Alexandria. However, mathematics learning did not come to a complete halt. Simplicius
(fl. 520) copied "word for word" the account of the quadrature of lunes by Hippocrates.
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Also during that time, there circulated a work known as the Greek Anthology that
contained mathematical portions collected presumably by Metrodorus, a grammarian who
perhaps collected problems in the Anthology from various sources. There were several
other mathematicians of that era who were more able than Simplicius and Metrodorus to
understand the works of Archimedes and Apollonius. Eutocius (ca. 480) discovered the
Archimedean solution of a cubic through conics, referred to in The Sphere and Cylinder.
Anthemius of Trades ( ca. 534) was a good mathematician and architect of St. Sophia of
Constantinople.

His successor to the building of St. Sophia was Isidore of Miletus (fl.

520), an able mathematician to whom we owe the T-square and the string construction of
a parabola. He was one of the last directors of the Platonic Academy at Athens. The
school had undergone many changes in its nine hundred years of existence. However,
when Justinian became emperor in the East, he did not like the pagan learning at the
Academy since its teachings were a possible threat to orthodox Christianity. The school
was closed in 529 and its scholars were dispersed to the East. Many of them found
refuge in Persia under the rule of King Chosroes. Here they established what was known
as the "Athenian Academy in Exile." Mathematics did not completely disappear in
Europe in 529. Commentaries on mathematics were written in the Greek language
located in the Byzantine Empire and jejune versions were written in Latin. However, the
focus of mathematics learning moved to the East.
Mathematics of China
Although no one knows for certain the time of the first Chinese civilization, it is
thought to be around 2750 B.C. The first mathematical document, Chou Pei Suan Ching,
could have been written by several people over many different periods of time. This
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document seems to deal with the gnomon in studying circular paths of the heavens but
also includes properties of the right triangle and some work on fractions. The book is
written as a dialogue between a prince and his minister concerning the calendar. In this
book, it is found that the Chinese considered geometry in terms of algebra or arithmetic.
Almost as old as Chou Pei was the Chui-chang suan-shu, or Nine Chapters on the
Mathematical Art. This work contained two hundred forty-six problems on surveying,
agriculture, partnerships, engineering, taxation, calculation, solving equations, and the
properties of right triangles.
UnforUmately, the Chinese emperor in 213 B.C. ordered the burning of all books
thus slowing down mathematics development in China. However, scholars were able to
continue mathematics learning through oral means. Miraculously, some of the copies of
transcripts survived. The Chinese, who had limited contact with the West and India,
did not use sexagesimal fractions, and their numeration was essentially decimal. The
Chinese were fascinated with patterns. The first record of magic squares appeared in
China. The Chinese developed "rod numerals" that were digits one through nine. There
was an empty space to represent zero. It is thought the Chinese developed the rod
numerals around 300 B. C. although no known date is definitive. The Chinese had little
trouble with negative numbers because they used two sets of rods- a red set for positive
numbers and a black set for negatives. The use of the abacus did not appear until much
later; however, use of counting rods made out of bamboo or ivory were used to make
calculations in business. The Chinese used the analogy of "son" as the numerator and
"mother" as the denominator. They also used the words yin and yang in the manipulation
of fractions (Smith, 1958).
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The Chinese were fascinated with pi as far back as 400 B.C. However, no one
knows whether they developed the approximation on their own or developed it from
Western influence. Through the work of Tsu Ch'ung-chih (430-501), the value of pi was
approximated to be 355/113. He gave the decimal approximation as 3.1415927. The
procedure he used to arrive at this value was probably written in his books that have since
been lost. Fittingly, there is a landmark on the moon bearing his name (Struik, 1963).
Because Chinese mathematicians were scattered throughout China, few had
contact with each other. The high point of the influence of Chinese mathematicians took
place during the Sung period. The last and greatest of these mathematicians was Chu
Shih-chieh (fl. 1280-1303). Very little is known about his birth or death, but he seemed to
have spent his time traveling around teaching mathematics. He wrote two treatises,
Suan-hsueh ch 'I-meng in 1299 (Introduction to Mathematical Studies), a relatively
elementary work that had great influence in Korea and Japan, and, of greater
mathematical importance, Ssu-yuan yu-chien in 1303 (Precious Mirror of the Four
Elements). In this book, the four elements called heaven, earth, man, and matter are four
unknown quantities in the same equation. Precious Mirror, that marks the peak of the
development of algebra in China, deals with equations to the fourteenth degree. In this
book, the author uses a method called fan fa, a transformation method that is later
attributed to Homer who lived five hundred years later. Three other Chinese
mathematicians used the so-called Homer method for solving equations during the
thirteenth century. Li Chih (1192- 1279) wrote Ts 'e-yuan hai-ching {Sea-Mirror of the
Circle Measurements) that includes 170 problems dealing with circles inscribed in and
enscribed without a right triangle and using the radii and relationships with the sides of
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the triangle to form equations of the fourth degree. He used methods like those of Chu
Shih-chieh and Homer to solve these equations. Another Chinese mathematician to use
Homer's method was Ch'in Chiu-shao (ca. 1202- ca. 1261). An unprincipled governor
who acquired much wealth in the first hundred days he was in office, he wrote Shu-shu
chiu-chang (Mathematical Treatise in Nine Sections), which was the pinnacle of Chinese
indeterminate analysis. He invented routines for solving simultaneous congmences.
Yang Hui was the third of the thirteenth Chinese mathematicians to use methods similar
to Homer's. Little is known about his life. However, he is the first to discover magic
squares of order greater than three. His work also included results in the summation of
series and the so-called Pascal triangle (Boyer, 1991).
The Precious Mirror by Chu Shih-chieh was the last published work of the age of
Chinese mathematics. Chinese mathematics failed to reach the same pinnacles as in
Europe and the Near East, but more mathematics was flowing into China than was
flowing out. No one knows for sure who had the most influence on each other—China or
India.
Mathematics of India
The fall of the Western Roman Empire is said to have taken place in 476, the
same year Aryabhata was bom. He is the author of one of the oldest Indian mathematical
texts. Perhaps, there was mathematical activity taking place in India long before 476.
However, most of the mathematics implemented was more like that of the Egyptians who
used mathematics to lay out temples, measurement, and constmction. The Sulvasutras
written by Apastamba, was comprised of primitive accounts of problems in constmction
and other measuring problems. The time period of the writing of Sulvasutras seems to be
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so vague that it is unknown whether the Egyptians or the Greeks influenced the author.
The period of the Sulvasutras, which closed around the second century, was followed by
the age of the Siddhantas, or systems. The main contribution of the Siddhantas was that
the writers of this work converted the trigonometry of Ptolemy from the use of chords of
a circle and the central angle they subtend to a correspondence between half of a chord
and half of the angle subtended at the center by the whole chord. With this revelation,
the modem trigonometric function sine was bom.
During the sixth century, Aryabhata wrote Aryabhatiya, a work written in verse
about astronomy and mathematics. The Aryabhatiya was to India as the Elements of
Euclid was to Greece. Both were summaries of previous work done by others written by
one author. The Aryabhatiya, a combination of correct information and incorrect rules of
mathematics, was a mixture of simple as well as complex mathematical concepts. The
second half of the Aryabhatiya was on the reckoning of time and on spherical
trigonometry. One noteworthy result from the Aryabhatiya was the concept of decimal
place-value numeration. "That the numerals had been in use for some time is indicated
by the fact that the first Indian occurrence is on a plate of the year 595, where the date
346 is written in decimal place value notation" (Boyer, 1991, pp.212-213). During this
period, the Hindus introduced the symbol for zero. Before the goose egg for zero, only
an empty space was used for zero. The symbol could have originated in Greece and was
transmitted to India after a decimal positional system had been established there.
Indian mathematics is sometimes thought of as "intuitive" in contrast with the
strict rationalism of Greek geometry. Hindu mathematics present more historical
problems than do Greek mathematics because the Indian authors seldom addressed the
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work of predecessors, thus exhibiting a strong independence in their mathematical
approaches. The Hindus regarded irrational numbers as numbers. They had no problem
with irrational answers. Perhaps this was due to innocence rather than mathematical
insight.
Brahmagupta (fl. 628) lived in Central India and lived more than a century after
Aryabhata. His best known work was Brahmasphuta Siddhanta , a book on
trigonometry. The use of negative numbers and zero were also found in his book. One
blatant error in his book was that 0/0 = 0. Indian mathematics mixed the good with the
bad. Two very good contributions of Brahmagupta's work were the formation of
Pythagorean triads and his formula for the area of a quadrilateral.
Bhaskara (1114- ca. 1185) was one of the leading Indian mathematicians of the
twelfth century. It was he who filled in the gaps of Brahmagupta's work. His major
work was Vija-Ganita where he decribes the division of a number by zero as infinite.
Bhaskara was the last significant Medieval mathematician from India. His work was a
culmination of earlier Hindu contributions (Ball, 1927).
Hindus had their own ways of looking at mathematics even when it was borrowed
from Greece or China. They developed and used only the concepts that appealed to
them.

Because of this, the Hindus contributed very little to mathematics. Their two

most important contributions were the introduction of the sine function in trigonometry
and their system of numeration that we refer to today as the Hindu-Arabic system. This
numeration system had its probable origin in India and was transferred to Arabia.
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The Arabic Influence
The Mesopotamian Valley fell to the conquerors of Mohammed around 640. By
641, they had captured Alexandria. For more than a century, the Arabs fought among
themselves. From 650-750, the Arabs had very little intellectual drive. If not for the
sudden awakening in Islam, most of the learning in science and mathematics would have
been gone forever. Under the rule of the caliphite al-Mamun (809-833), scholars were
brought to Baghdad to translate the works of the great thinkers including the works of
Euclid and Ptolemy into Arabic. Al-Mamun established a "House of Wisdom" not unlike
the ancient Museum at Alexandria. One of the faculty members at this school was
Mohammed ibn-Musa al-Khwarizmi, who wrote more than six books on astronomy and
mathematics and two books on arithmetic and algebra. His most important work, Al-jabr
wa 7 muqdbalah, has supplied us with the word algebra. It was from this book that
Europe learned the branch of mathematics bearing this name.
Another great Arabic mathematician of the ninth century was Thabit ibn-Qorra
(826-901), a physician as well as a noted mathematician. He was claimed to have applied
algebra to geometry (Smith, 1958). The Arabic equivalent to Pappus as a commentator on
higher-level mathematics, he had mastered the classics so well that he suggested
modifications and generalizations of some of the works. He contributed alternative
proofs of the Pythagorean theorem.
The Arabs absorbed quickly the cultures and ethnic backgrounds of the people
they conquered. Therefore, much of their mathematics was a culmination of the works of
other civilizations with a twist of their own. Abu'l-Wefa (940-998) was an Arab
trigonometer who translated into Arabic the Arithmetica of Diophantus. He also made up
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new sine and tangent tables for angles differing by % degree. Another Arabic translator
was Ibn-Sina (980-1037) who translated the works of Euclid and explained the castingout of nines, but who is better known for his use of mathematics in astronomy and
medicine. During this same period, al-Biruni (973-1048) wrote a book called India. In
this book, al-Biruni gives us a glimpse of Hindu thought on the Siddhantas and the works
of Archimedes. In one of his chapters, he gives a full account of how the Hindus used the
gnomon lengths in Hindu shadowing. He also suggests that the earth may rotate on its
own axis. However, his work was over-shadowed by a brilliant mathematician and
physicist, ibn-al-Haitham (ca. 965-1039) who was known in the West as Alhazen. He
wrote a treatise called the Treasury of Optics, a book that was inspired by the works of
Ptolomy.
One of the most famous Arabs is Omar Khayyam (ca. 1050-1123), the "tentmaker." In the East, he was considered a scientist, but the West considered him a poet.
He wrote a book called Algebra where he included solutions to third degree equations
(Kasir, 1972). Like his predecessors, he used only geometric solutions. However,
Khayyam came close to narrowing the gap between numerical and geometric algebra. He
wrote the following:
Whoever thinks algebra is a trick in obtaining unknowns has thought it in
vain. No attention should be paid to the fact that algebra and geometry are
different in appearance. Algebras are geometric facts which are proved.
(Boyer, 1991, p. 242)
Khayyam, like other Arab mathematicians, tried in vain to prove Euclid's fifth
postulate known as the parallel postulate.
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After the death of Khayyam in 1123, Arabic science began a decline. Yet, the
contributions of Nasir Eddin al-Tusi (1201-1274) are noteworthy. He also continued the
quest to prove the parallel postulate. His most famous works are in the field of
trigonometry and astronomy. He is the first mathematician of that era to treat
trigonometry as a separate subject and not just mathematics used in astronomy. Nasir
Eddin "observed that a combination of two uniform circular motions in the usual
epicyclic construction can produce a reciprocation rectilinear motion" (Boyer, 1991, p.
243). This observation known as the "theorem of Nasir Eddin" was later "rediscovered
in the sixteenth century by Copernicus and Cardan.
The last noted Arabic mathematician was Al-Kashi (ca. 1436). His contributions
were numerous works written in Persian and Arabic. His work is important in the field of
decimal fractions. Of course, he used sexagesimal fractions to estimate the value of pie.
To be different from his predecessors, he found the approximation of two pi in
sexagesimal and decimal forms. The sexagesimal approximation 6; 16,
59,28,34,51,46,15,50 became 6.2831853071795865. This approximation held fast until
the late sixteenth century because of the massive amount of computation involved. I
found the following to be quite interesting. I will try this on my students:
The following mnemonic device will aid in memorizing a good
approximations of pi: "How I want a drink, alcoholic of course, after the
heavy lectures involving quantum mechanics." The number of letters in
the words will provide the values for the successive digits in
3.14159265358979, and these will be found to be in full agreement with
al-Kashi's value for 2 n. (Boyer, 1991, pp. 244-245)
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The death of al-Kashi marked the end of Arabic mathematics. Very few
mathematicians are noted after this time. Fortunately, as the Arab decline continued,
scholarship in Europe was on the incline. Even though the Arab contribution to
mathematics was small, what they did contribute was certainly more than what they had
at the beginning of the seventh century. I will now focus on mathematics in Europe
during the Middle Ages and Renaissance periods.

Mathematics in Europe During the Middle Ages
Politically, the period of time in history known as the Middle Ages began
approximately in 476 with the fall of Rome and ended around 1453 when Constantinople
fell to the Turks. Mathematically speaking, 524, the year Boethius died, is considered the
beginning of the medieval period and 1436 the ending. Fourteen hundred thirty-six was
probably the year al-Kashi died and it was the year Johann Muller (1436-1476) was bom.
He was better known as Regiomontanus which is a Latinized version of Kdnigsberg, his
birthplace. Up until this time, development of mathematics was in China, India, Arabia,
the Eastern or Bysantine Empire, and the Western or Roman Empire. I have discussed
the first three. I will discuss the developments in mathematics first in the Byzantine
Empire where Greek was the official language and second in the Roman Empire that had
no official language although Latin was the language used by scholars.
John Piloponus, a leading physicist of the sixth century, argued against the laws
of motion proposed by Aristotle. Piloponus was a Christian scientist who wrote
commentaries on the works of Nicomachus. Byzantine mathematics was very elementary
and was mainly applied mathematics. However, mathematicians at this time wrote
commentaries on the classics, hoping to preserve them for posterity. Philoponus wrote a
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commentary on Nicomachus' Introduction to Arithmetic. In the eleventh century,
Michael Constantine Psellus (1018-1080?) wrote the treatise Introduction to Arithmetic
and another work on quadrivium. Georgios Pachymeres (1242-1316) wrote a summary
of the Greek mathematical quadrivium, thus continuing the Greek influence in the
Byzantine Empire. He also wrote a commentary on the Arithmetic of Diophantus.
Maximos Planudes (12557-1310) wrote a commentary of the Arithmetic as well as works
on the Hindu numeration system. Manuel Moschopoulos (fl. 1300), a disciple of
Planudes, wrote on the magic squares and Nicholas Rhabdas (1350), a geometer and
arithmetician, wrote a commentary of the numeration system written by Planudes. It is
not surprising that Byzantine mathematicians added very little to the development of
mathematics because it appears they simply wrote commentaries on what had been
previously discovered. Mathematics faired better in the West, an occurrence that I will
now discuss.
Alcuin of York (ca. 735-804) was called by Charlemagne to revitalize education
in France. Alcuin wrote several arithmetic, geometry, and astronomy books for
beginners but contributed very little toward the advancement of mathematics in France.
Actually, very little was accomplished in the field of mathematics in France and England
for the next two centuries.
Gerbert (ca. 940-1003) was bom in France and educated in Spain and Italy. He
became a tutor and later advisor to the Holy Roman Emperor, Otto III. In 999, he
ascended to the papacy, taking the name of Sylvester. He wrote elementary works on
both arithmetic and geometry and was the first in Europe to use the Hindu-Arabic
numerals. However, it is not clear whether the Hindu-Arabic numeration system was
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widely accepted in Europe. It was during the thirteenth century that the Hindu-Arabic
numeration system was definitely introduced by several mathematicians.
After Gerbert, there was very little mathematics developed in Europe because
most of the mathematics at the time was from Arabia. Very few scholars could translate
the works from Arabic into Latin. By the end of the twelfth century, Europe could not
boast of a mathematician who was not a Jew, a Moor, or a Greek. In 1142, Adelard of
Bath (ca. 1075-1160) translated the Elements into Latin from Arabic. He also translated
al-Khwarizmi's astronomical tables from Arabic into Latin (1126) and Ptolemy's
Almagest from Greek into Latin (ca. 1155).
A Spanish translator, Gerard of Cremona (1114-1187) devoted his life translating
great mathematics works into Latin. He revised the Elements and Almagest written by
Adelard and also translated the Algebra of al-Khwarizmi although it had been translated
earlier by Robert of Chester in 1145. It was Robert of Chester's translation from Arabic
of trigonometry that resulted in our word "sine." There was confusion over the name of
al-Khwarizmi which led to the word "algorithm." About the same time that Adelard
introduced the Hindu numerals into Latin, Abraham ibn-Ezra (ca 1090-1167) introduced
to the Jews the first nine Hebraic alphabet numerals with a circle as zero as a decimal
positional system for integers.
During the later Middle Ages, there seemed to be two factions of mathematicsmathematics taught in the universities and mathematics used in commerce and trade.
Both factions spread the Hindu-Arabic numeration system. Three mathematicians who
were outstanding during the thirteenth century came from all walks of life. Alexandre de
Villedieu (fl. ca. 1225) was a French Franciscan who wrote the Carmen de algorismo, a
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poem in which the use of operations is described using the Hindu-Arabic numerals. John
of Halifax (ca. 1200-1256), known as Sacrobosco, was an English schoolman who wrote
the Algorismus vulgaris that was "a practical account of reckoning that rivaled in
popularity his Spharera, an elementary tract on astronomy used in the schools throughout
the later Middle Ages" (Boyer, 1991, p. 254). The third mathematician was Leonardo of
Pisa (ca. 1180-1250), better known as Fibonacci, who was the son of an Italian merchant.
His book Liber abaci ( or Book of the Abacus) is not about the abacus(Fibonacci, 1987).
Rather, it is a treatise on algebraic methods and problems using the Hindu-Arabic
numerals. Liber abaci stresses problems in commercial transactions using a complicated
system of fractions that includes common, sexagesimal, and unit fractions. Since he did
not use positional notation in his works, calculations with these types of fractions were
very complicated. Liber abaci was Fibonacci's most celebrated work but was too
complicated for his contemporaries to understand. However, his problem about the seven
women who went to Rome was the basis of the Fibonacci sequence. In 1225 Fibonacci
wrote two other works- Flos and Liber quadratorum . In Flos, he uses indeterminate
problems like Diophantus and determinate problems like those used by Euclid, the Arabs,
and the Chinese.
Although Fibonacci was the best known mathematician for the next nine hundred
years in medieval Europe, Jordanus Nemorarius was a gifted mathematician in the
thirteenth century who founded the first school of medieval mechanics. He gave us the
first correct formulation of the law of the incline plane. He also wrote books on
arithmetic, geometry, and astronomy. His book Arithmetica was used at the University of
Paris until the sixteenth century. In Arithmetica, Jordanus uses letters to represent
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numbers in equations. Jordanus also wrote "Algorismus demonstratus, an exposition of
arithmetic rules that was popular for three centuries" (Boyer, 1991, p. 259).
The thirteenth century produced more famous scholars than any previous century.
Many famous universities, including Bologna, Paris, Oxford, and Cambridge, were
established during this century. Several famous scholars and churchmen such as Albertus
Magnus, Robert Grosseteste, Thomas Aquinas, and Roger Bacon lived during this time.
Bacon and Grossette, although not mathematicians, made strong arguments that
mathematics should be part of the curriculum in the universities. Two medieval
physicists who were also prominent mathematicians in the thirteenth and fourteenth
centuries were Thomas Bradwardine (1290? -1349) and Nicole Oresme (13237-1382).
These two men broadened the perspective of proportion. Thomas Bradwardine was a
philosopher, theologian, and mathematician who rose to the position of Archbishop of
Canterbury. In his Tractatus de proportionibus of 1328, he developed what we call the
"n-tuple" proportion. He also wrote Arithmetic and Geometry that were very much like
every other book on arithmetic and geometry of the times. However, he showed his
philosophical bent towards mathematics in his works Geometrica speculative and the
Tractatus de continueo (Cajori, 1938; Cooke, 1997).
Nicole Oresme wrote several works on proportion that were extensions of the
works of Bradwardine. In De proportionibus proportionum, he extends the use of
proportions to include rational fractional powers. In Algorismus proportionum, he
applies the rules of proportions to geometric and physics problems. In Algorismus,
Oresme gave a suggestion of irrational proportions. However, lack of notation and
vocabulary prevented him from developing the concept of irrational powers. Oresme's
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most important contribution to mathematics was his use of graphical representation of a
variable quantity. He used graphical procedures to prove the theorem of infinite series.
There is no period in mathematics history that comes close to the mathematics
knowledge gained in Ancient Greece. Although the thirteenth century produced many
great thinkers, original mathematics achievements were few and far between. In 1349,
Thomas Bradwardine died from the Black Death that by some accounts killed half of the
population of Europe. The Hundred Years' War and the War of Roses of the fifteenth
century followed the Black Death of the previous century. Learning came to a standstill.
Universities in Germany, Italy, and Poland took the lead in the development of
mathematics in the fifteenth century. Thus began the Renaissance period.
Before discussing the accomplishments in mathematics during the Renaissance
period, I would like to make a few observations about mathematics discoveries and the
teaching of mathematics during the early period of recorded history. Even though
mathematics discoveries made life easier for people in daily life and was vital in the
inventions of the time, it was often disputed whether to include the study of mathematics
in the universities and academies. It is hard to imagine that teaching mathematics or
rather what mathematics to teach is still being disputed in today's educational arenas. It
seems to me that the people in charge of universities and academies were the
beneficiaries of mathematics knowledge as they are today. However, in many instances,
students are able to graduate today from universities with practically no mathematics
requirements just as it was one thousand years ago.

Chapter III

A HISTORICAL PERSPECTIVE OF MATHEMATICS FROM THE
RENAISSANCE PERIOD THROUGH THE TWENTIETH CENTURY

In this chapter, I discuss how the study of mathematics unfolded in a time where
interest in the arts, science, and the humanities started to flourish after the great plague of
the fourteenth century. Because of the hardships that humanity had to endure in those
times, I am amazed that anyone was interested in anything other than survival. The
plague was not selective in the level of society it invaded. However, Europe was able to
overcome this tragedy and emerge as a world leader in many different fields of study.
The past discoveries in mathematics were in the hands of the translators who brought
their own versions of these discoveries into print. Cynthia Hay (1988) discusses this same
point as she calls translation a "choice of betrayal." As you read the following very brief
summary of the history of mathematics, you will discover that translation of "facts" was
vague at best. Plagiarism of others works was rampant during this time. How could
mathematicians claim plagiarism if their works were not published? With the lack of
reliable communication, how could any one mathematician claim supremacy over the
development of a mathematical discovery? Taking claim for one's discoveries was as
important in ancient times as it is today. Discoveries in science led to phenomenal leaps
in the quality of life for people. Naturally, mathematics was an integral part of these
discoveries. Mathematicians were philosophers, medical professionals, lawyers.

52
clergymen, as well as professors of mathematics in universities. While reading this
section on the history of mathematics, I hope you will see that throughout the following
period in history, reconceputalization of mathematics, as well as reconceptualizing all
thinking, took on new meaning.
The Renaissance
The Humanist Movement during the early Renaissance period practically ignored
any development in mathematics. Few men in the fifteenth century could read Greek,
thus rendering the works of the Greek geometers and mathematicians useless. The
Humanist Movement was more interested in the contributions of the Greeks to art and
science. Eventually, a mathematics of mensuration ( measurement) seemed to flourish
during the early Renaissance period because of its theoretical and practical standpoint.
Regiomontanus (1436-1476) was perhaps the most influential mathematician of
the fifteenth century. By some accounts, his date of birth is considered as the beginning
of the Renaissance period. He studied at the universities of Leipzig and Vienna where he
developed his love for mathematics and astronomy. He accompanied Cardinal Bessarion
to Rome where he learned Greek and became "familiar with the crosscurrents of
scientific and philosophical thought" (Boyer, 1991, p. 272). After he traveled and studied
in Italy, he returned to Germany where he set up a printing press in order to publish his
translations of the great works of antiquity. However, he died in Rome while visiting
Pope Sixtus IV. Some accounts suggest that his enemies poisoned Regiomontanus. He
left a list of all of the works he intended to publish. If he had lived, the development of
mathematics would have accelerated.
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In astronomy, he completed a Latin version of Ptolemy's Almagest.
Regiomontanus' most significant work was De triangulis omnimodis that introduced a
systematic approach to solving triangles (Hughes, 1967). Book I begins with the
fundamentals on magnitudes and ratios followed by fifty propositions on solving
triangles by using the properties of right triangles. Book II contains the proof of the law
of sines and includes problems on determining the sides, angles, and areas of triangles
given certain conditions. Book III contains theorems similar to those of ancient Greek
texts on "spherics." Book IV is on spherical geometry.
Regiomontanus was considered a transitional figure in the development of science
and mathematics in the early Renaissance period as suggested by the following:
Regiomontanus stood at a critical juncture in the history of science, and he
had the tastes and the abilities to make the most of this.

His love of

classical learning was shared by the Humanists, but unlike them he was
strongly inclined toward the sciences. Moreover, he did not indulge in the
Humanist contempt for Scholastic and Arabic learning, and he was a
Renaissance man in his concern for the practical arts as well as for
scholarship. What better combination could a modem scientist have had
than a good library, an observatory, a printing press, and a love of
knowledge? (Boyer, 1991, p.276)
During the late fifteenth century, German mathematicians wrote books on algebra
that introduced the symbols + and - replacing the Italian p and m.

In 1489, the German

lecturer Johann Widman published Rechnung ujf alien Kaujfmanschaffen, a commercial
arithmetic book believed to be the oldest book that contains the symbols + and -. One
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outstanding German mathematician, Adam Riese (1492-1559), wrote Die Cross, an
algebra text that replaced the old counters and Roman numerals with the Hindu-Arabic
numerals (Ball, 1927; Cajori, 1939).
Three important German algebras emerged during the first half of the sixteenth
century. The first book was the Coss written by Christoph Rudolff (ca. 1500- ca. 1545),
was one of the first printed texts to use decimal fractions and the modem symbol for
roots. The next book to emerge was the Rechnung (1527) written by Peter Apian (14951552). The significance of this book was that it was a commercial arithmetic book with
the so-called "Pascal's Triangle" on the title page almost a century before Pascal was
bom! The third important book was Arithmetica Integra (1544) written by Michael Stifel
(ca. 1487-1567). Although he used negative coefficients in solving quadratic equations,
he failed to use negative numbers as roots of equations.
I mention some of the books written by mathematicians from different eras just to
illustrate the fact that they w rote these books without the use of electricity or computers.
All of them were written by hand until the invention of the printing press and typewriter.
Most of us lose sight of these facts. Our students, who cannot conceive of hand-written
books, balk at our insistence of non-calculator use at different points in their
mathematical adventure. Another point that has amazed me throughout the study of the
history of mathematics is how some of the mathematicians from different parts of the
world wrote textbooks and treatises and claimed that their works were original. Granted,
some of the same concepts in mathematics were discovered at approximately the same
time in different parts of the world thousands of kilometers apart. However, the next
example illustrates my point.
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Geronimo Cardano (1501-1576) wrote about the solutions to cubic and quartic
equations in his work Ars magna. He gave tacit credit for these discoveries of the cubic
equation to Niccolo Tartaglia (ca. 1500- 1557). Ludovico Ferrari (1522- 1565)
discovered the solution to a quartic equation. However, Cardano ( or Cardan) had given
his word to Tartaglia that he would not publish the solution because Tartaglia was going
to publish the solution himself. Unfortunately, Tartaglia was no saint. He published
works from Moerbeke and Nemorarius and claimed them as his own. Actually, the
person who discovered the solution to the cubic equation was a little known
mathematician, Scipione del Ferro (ca. 1465- 1526), a professor of mathematics at
Bologna. No one actually knows when he discovered the solution because he never
published it. Although Cardan's Ars magna was not composed of original work, it
provided a great stimulus to algebraic research (Fierz, 1983).
Robert Recorde (1510-1558) was perhaps the only mathematician in England
during the sixteenth century who contributed any substance to mathematics. Recorde
taught mathematics at Oxford and Cambridge. While at Cambridge, he received his
medical degree and became a physician to Edward VI and Queen Mary. Cardan,
Chugquet, and Recorde were three of the best-known mathematicians of that era who
were also physicians. Recorde's work Grounde of Artes (1541) was a popular arithmetic
text containing problems for commercial applications that used the abacus and algorism
for computation. Recorde's best-known work is The Whetstone ofWitte (1557), an
algebra text that introduces the equality symbol as we know it today. However, another
century passed before this symbol took precedence over other popular notations (Boyer,
1991; Clagett, 1987).
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During the reign of Queen Elizabeth I, France led in the development of
mathematics. Algebra was at the forefront of mathematical development. However,
developments in trigonometry kept pace with the developments in algebra. Astronomers
used trigonometric tables in their calculations. One of the most famous astronomers of
the time was Nicholas Copernicus (1473-1543). Copernicus studied in Poland, Bologna,
Padua, and Ferrara. His studies included medicine, law, mathematics, and astronomy.
He returned to Poland in 1510 and became Canon of Frauenburg. Although he had many
administrative duties, he was able to publish De revolutionibus orbium coelestium in
1543, the year he died. This work contains many sections on trigonometry that were
similar to that of Regiomontanus. In 1539, Copernicus received a student, Georg
Joachim Rheticus from Wittenberg, who wrote a two-volume treatise Opus palatinum de
triangulis after the death of Copernicus. In these books, Rheticus used lines of a right
triangle instead of the arc of a circle to determine all six trigonometric functions. He
calculated elaborate tables of these functions; however, Rheticus did not use decimal
fractions to calculate these tables. Instead, he used powers of 10 to represent the
hypotenuse and sides of the right triangle. He died before he could complete all of the
tables (Corpemicus, 1978.)
Even though much of the mathematics during the sixteenth century dealt with
practical arithmetic problems, pure geometry was not entirely forgotten. Johannes
Werner (1468-1522) wrote a twenty-two volume set of books, the Elements of Conies,
that was printed at Nuremberg in 1522. This set of books renewed an interest in curves
that had been absent in the development of mathematics since the time of Pappus. While
Werner's works dealt with conics, the theory of perspective was developing in Germany
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and Italy. Filippo Brunelleschi (1377- 1446), Leon Battista Albert! (1404-1472), and
Piero della Francesca (14107-1492) worked on the problem of representing three
dimensional objects in a plane (Kline, 1972).
Another important aspect of mathematics during the Renaissance period was
cartography. Because of increased exploration by different countries, the old medieval
maps were virtually useless. Peter Apian (or Bienewitz, 1495-1552) was a German
mathematician and astronomer who published one of the earliest maps with the name
"America" on it. Apian's maps followed closely the works of Ptolemy. However,
Gerard Mercator (or Gerhard Dremer, 1512-1594), a Flemish geographer, revolted
against Ptolomy's geography and reduced the width of the Mediterranean from 62° to 53°
(The actual width of the Mediterranean is 40°.) In 1569, Mercator published the first map
that used projection. Maps during that period were based on a rectangular grid and used
a series of parallel lines equidistant apart to represent longitude and latitude. Mercator
thought of inscribing the earth in an indefinitely long right circular cylinder where the
equator of the earth would be touching the cylinder, and points on the surface of the earth
would be projected onto the cylinder. When the cylinder was cut along an element line
and flattened out, the meridian lines would be equidistant apart, but the distance between
the lines of latitude would not be equal. Mercator projection maps are found in many
social studies classrooms today. In 1599, Edward Wright (1558-1615) developed a
formula that provided the theoretical basis for the Mercator map. The formula is D = a In
tan ((J)/2 + 45°) where D is the distance from the equator and <j) represents latitude
(Boyer, 1991; Kline, 1972).
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T ransition Period to Modern Mathematics
During the last quarter of the sixteenth century and the first half of the
seventeenth century, several important mathematicians emerged who aided in the
transition from Renaissance mathematics to modem mathematical thought.
Two of these men, Galileo Galilei (1564-1642) and Bonaventura Cavalieri
(1698-1647), came from Italy; several more, such as Henry Briggs (15611639), Thomas Harriot (1560- 1621), and William Oughtred (1574-1660),
were English; two of them, Simon Stevin (1548-1620) and Albert Girard
(1590-1633), were Flemish; others came from varied lands—John Napier
(1550-1617) from Scotland, Jobst Biirgi (1552-1632) from Switzerland,
and Johann Kepler (1571-1630) from Germany. Most of Western Europe
now was involved in the advancement of mathematics, but the central and
most magnificent figure in the transition was a Frenchman, Franqois Viete
(1540-1603), or, in Latin, Franciscus Vieta. (Boyer, 1991, pp.302-303)
Viete, a lawyer by profession, served under Henry of Navarre where he was very
successful in deciphering enemy messages from the Spanish. Viete, who studied
mathematics in his leisure time, was one of the first to use decimal fractions in his work
and a vertical bar to separate the numbers instead of a decimal point. The decimal point
did not become popular until Napier used it extensively in his works ( Ball, 1927;Cajori,
1938).
Viete's algebra was no different from others at that time. He used syncopation
and words, rather than symbols, for the most part, except for the use of Germanic
symbols for addition and subtraction; he used different symbols for unknowns and
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parameters. Viete came very close to using negative numbers as coefficients and roots
in the solutions to equations. However, the use of negative numbers was left for Girard
to develop in 1629. Viete was part of a trend during this time that associated a higher
algebra with the ancient higher geometry. Furthermore, he was the founder of the
analytic approach to trigonometry, sometimes referred to as goniometry. It was in this
analytic approach that he formulated the multiple -angle formulas (Pierce, 1977).
Another writer who used symbolic signs was Thomas Harriot. Harriot sent by Sir
Walter Raleigh as a surveyor, published A Briefe and True Report of the New-found Land
of Virginia. He advanced the use of symbolism by introducing the signs < and > for
"greater-than" and "less-than." His younger contemporary, William Oughtred, introduced
the "x" for multiplication. Oughtred also introduced other forms of notations in his
Clavis mathematicae that was published in 1631, the same year as Harriot's Praxis was
printed (Boyer, 1991).
Because he was not a mathematician by vocation, John Napier was a Scottish
laird who managed large estates. Interested in mathematics only because it had to do with
simplifying computations in conducting business, Napier invented the use of logarithms
to aid him with simplifications of products and quotients in computations. Of course, as
was true at that time, he used a geometric definition for his study of logarithms but later
used numbers to build his tables of logarithms. He coined the word "logarithm" from the
combination of the two Greek words Logos (or ratio) and arithmos (or number). After
Napier's work Mirifici logarithmorum canonis descripito (A Description of the
Marvelous Rule of Logarithms) was published in 1614, Henry Briggs visited Napier in
Scotland to discuss possible modifications in methods that Napier used to build the
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logarithmic tables. Briggs suggested using powers of ten where the log 1 = 0 and log
10 = 1 to which Napier agreed. Unfortunately, Napier died in 1617 before their ideas on
logarithms to the base ten could be put into practice. Briggs did manage to publish his
Logarithmorum chilias prima in 1617 that contained the logarithms for numbers 1
through 1000, each of which was carried out to fourteen decimal places. He later
published Arithmetica logarithmica in 1624 that included common logarithms of
numbers from 1 to 20,000 and from 90,000 to 100,000 carried to fourteen decimal places.
He was the first to use the words "mantissa" and "characteristic" in reference to common
logarithms (Boyer, 1991; Cajori, 1938; Kline, 1972).
Napier was the first to publish his own work on logarithms although Jobst Biirgi
had developed the study of logarithms as early as 1588. Biirgi's work, Arithmetische und
geometrische Progress-Tabulen, was published in 1620, four years after Napier's
publication on logarithms. Although both men discovered logarithms independently of
each other, their discoveries were practically identical (Cajori, 1938; Smith, 1958).
Although the invention of logarithms was a great step forward in the study of
mathematics, the purpose of logarithms was to help with computations in other fields of
study and applications using mathematics. Biirgi was a clock maker, Galileo was a
physicist, and Stevin was an astronomer. Stevin advanced the use of decimal fractions
even though he did not write them using a decimal point. He was able to explain decimal
fractions in a simple manner where everyone interested could understand what they were.
He thought trying to use imaginary numbers was a waste of time: "There are enough
legitimate things to work on without need to get busy on uncertain matter." (Boyer, 1991,
p. 318). Stevin is also credited with the first use of fractional exponents.
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Galileo was not a "mathematician's mathematician." Even though he was a
professor of mathematics at Pisa then at Padua, he did not teach mathematics on a high
level as did Viete, Euclid, or Archimedes. Galileo used mathematics for practical
applications and most of what he taught would be considered physics or astronomy today.
He did invent and market a device called the "geometric and military compass" which
aided military engineers and other practitioners with computations without the use of pen,
paper, or abacus. Galileo was imprisoned for his views on the universe written in a
treatise The Two Chief Systems (1632). While in prison, he wrote The Two New Sciences
(1638) that is a dialogue concerning dynamics and the strength of materials between
Salviati (a scientifically informed scholar), Sagredo (an intelligent layman), and
Simplicio (an obtuse Aristotelian). Galileo made contributions to dynamics by his
analysis of projectile motion. He discovered that the path of a projectile is a parabola
disregarding air resistance. Although Galileo recognized the curve now known as a
cycloid, he was not equipped mathematically to analyze it. Through the dialogue
between Simplicio and Salviati in the Two Chief Systems and the Two New Sciences,
Galileo discusses the concepts of infinitely small and infinitely large. Galileo came close
to discovering the fundamental property of an infinite set-that a part of an infinite set is
equal to the whole set- but he never arrived at that conclusion (Ball, 1927; Heath, 1981).
Let me point out that my students have the same problem. It is very hard for
students, at first, to think about, for instance, the set of integers as a complete set.
However, it is an infinite set as we know it today. Sometimes, discussions on infinite sets
lead to discussions about whether the universe is infinite and the ramifications on infinite
sets if the universe is indeed finite. However, this concept will not be tested on a
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standardized test thus rendering the conversation "off task" to the "powers that be."
A disciple of Galileo, Bonaventura Cavalieri was a member of a religious order
called the Jesuate. He lived in Milan and taught mathematics at Bologna beginning in
1629. He wrote on many mathematics topics of the time such as geometry, trigonometry,
astronomy, and optics. His most influential book of the early modem period is the
Geometria indivisibilibus continuorum. The premise of this book is the total area of a
figure can be conceived as lines or individual areas added together to compose the whole
area. Cavalieri applied formulas for a spiral and parabola to what is called rectangular
and polar coordinates. He also wrote about calculus and analytic geometry even though
these areas of mathematics were not formally named (Boyer, 1991; Cajori, 1938).
Seventeenth Century Mathematics
Italy was the center of mathematics study during the last half of the sixteenth
century and the first quarter of the seventeenth century. When Cavalieri and Evangelista
Torricelli (1608-1647), a student of Galileo, died in 1647, France became the center of
mathematics study. Among the most significant mathematicians of this time were Rene
Descartes (1596-1650), Pierre Fermat (1601-1665), Gilles Persone de Roberval (16021675), Girard Desargues (1591-1661, and Blaise Pascal (1623-1662). Unlike previous
times, these men communicated among themselves about mathematical discoveries and
ideas. Another important figure who was very important during this period was the
Minimite friar Marin Mersenne, the person to whom the mathematicians sent their works
to be distributed to others. Later, the mathematicians who corresponded with Mersenne
were known as the "Mersenne group"(Boyer, 1991).
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Even though Descartes was probably the most revered thinker of his day, his
true passions were philosophy and science. Although he was considered the ultimate
geometer, he thought mathematics was a thing of the mind (Davis & Hersh, 1986). His
only work dealing with mathematics is La geometrie. That is the only one of three
appendices to the Discours de la methode pour bien conduire sa raison et chercher la
verite dans les sciences (1637) dealing with algebra and geometry. In La geometrie,
Descartes tries to convey his thinking of integrating geometry and algebra.
Descartes was convinced that all mathematical sciences proceed from the
same basic principles, ... His procedure in La geometrie, then, was to
begin with a geometric problem, to convert it to the language of an
algebraic equation, and then, having simplified the equation as far as
possible, to solve this equation geometrically, in a manner similar to that
which he had used for the quadratics. (Boyer, 1991, p. 339)
Descartes, who came close to explaining what is now considered analytic geometry in La
geometrie, omitted many of his procedures for solving problems, thus leaving those that
followed in the dark as to how he arrived at his conclusions. Descartes studied and
identified curves such as the cissoid, the conchoid, the spiral, and naturally, the conic
sections. Unfortunately, he did not use negative coordinates in sketching his curves.
Since he did not have his heart into studying mathematics, he went to Sweden where he
instructed the Queen of Sweden in philosophy and established an academy of sciences.
At the same time Descartes was making his discoveries in analytic geometry,
Fermat was making the same discoveries presumably as early as 1636. Not a
mathematician by trade, Fermat was a lawyer and a councillor in the local parlement. He
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enjoyed studying classical literature and began to participate in one of the "favorite
sports of the time—the 'restoration' of lost works of antiquity on the basis of information
found in extant classical treatises" (Boyer, 1991, p.346). One of these classical works
was the Mathematical Collection of Pappus. Fermat's interpretation of the fundamental
principle of analytic geometry was a result of his study of the works of Pappus. Also,
Fermat discovered differential calculus along with Laplace.

A brilliant non-professional

mathematician, Fermat unfortunately published nothing before his death ( Cajori, 1938;
Smith, 1958).
Roberval and Torricelli were constantly at odds as to who discovered what first.
Unfortunately for Roberval, Torricelli published his works first. One of Roberval's most
famous discoveries was his sketch of the sine curve in 1635. His sketch was the
beginning of trigonometry moving away from a computational approach to a functional
approach. Roberval and Torricelli both studied, although independently, the comparisons
of the parabola and the spiral showing the use of arc length as well as area. Because of
Mersenne, mathematicians between 1630 and 1650 were able to communicate with each
other and stay abreast of each other's findings. Since infinitesimals were of great interest
during this period, Torricelli was interested in the infinite area bounded by parabolas and
hyperbolas. He was believed to be the first mathematician to graph the logarithmic
function. Although he was a brilliant mathematician of his time, Torricelli was most
widely known as the inventor of the barometer. He died at the young age of thirty-nine
(Katz, 1993).
Girard Desargues was an architect and military engineer from Lyons who studied
in Paris with the other mathematicians discussed above. However, his thoughts and ideas
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on perspective in architecture and geometry were so abstract, his works found very
little success in Paris or anywhere else at the time. His work in projective geometry was
much more useful than that of Apollonius, Descartes, and Fermat. His only great
publication was Brouillonprojet d'une atteinte aux evenemens des rencontres d'un cone
avec un plan (Paris, 1639). He published copies of Brouillon projet only for his friends
and not to sell. The publication was thought to be lost until a hand-written copy by
Phillipe de Lahire appeared in a Paris library. The following theorem of projective
geometry does not appear in this book. Thanks to a devoted friend and admirer Abraham
Bosse (1602- 1676), the theorem was published in a book titled Maniere universelle de S.
Desargues, pur pratiquer la perspective. The theorem of Desarges is stated as follows:
If two triangles are so situated that lines joining pairs of corresponding
vertices are concurrent, then the points of intersection of pairs of
corresponding sides are collinear, and conversely. (Boyer, 1991, p. 361)
The theorem, which applies to two and three-dimensional figures, became one of the
fundamental theorems of projective geometry in the nineteenth century.
Blaise Pascal was a child prodigy in mathematics. When he was fourteen, he
joined his father, Etienne Pascal, at the "Mersenne Academy" in Paris where he joined in
discussions with other mathematicians of the day. At sixteen, he wrote a one-page essay.
Essay pour les coniques, that contained what is now referred to as Pascal's theorem.
Using the principles of projective geometry and ideas from Desargues, he was able to
apply his theorem to any hexagon. Although Pascal was a great mathematician, he had
varied interests that included studying science and making calculating machines. Later,
when he returned to mathematics, he teamed up with Fermat to study questions in
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probability. While studying probability, he connected it with the arithmetic triangle
that now bears his name. Although every modem mathematician knows of Pascal's
triangle, the triangle actually had been recognized for more than six hundred years. On
the night of November 23rd, 1654, Pascal had a religious experience which caused him to
give up completely the study of science and mathematics and turn all of his attention to
theology. Four years later, he received a sign from God that it was acceptable for him to
return to the study of mathematics. He focused on the study of cycloids and later wrote a
book titled the History of the Cycloid that was disputed by Torricelli because it gave no
credit to Torricelli for his discoveries of the cycloid. Pascal gave credit for earlier
discoveries only to Roberval. Had Pascal lived beyond the age of thirty-nine and had he
been more single minded in his study of mathematics, he would have undoubtedly
discovered calculus (Ore, 1960).
During the mid to late seventeenth century, the focus of mathematics
learning changed from France after the deaths of Desargues , Pascal, and Fermat. Great
strides in mathematics learning were taking place in Great Britain and the Low Countries.
Frans Van Schooten (1615-1660) of Holland and his students made substantial
contributions to Cartesian geometry. Another mathematician from Holland was Jan De
Witt (1629-1672). A lawyer by trade, DeWitt had a taste for mathematics and contributed
to the field of analytic geometry. Because he opposed the designs of Louis XIV, he was
killed when France invaded the Netherlands in 1672. Before his death, he wrote a book
entitled A Treatise on Life Annuities (1671) that posed problems on life expectancy and
the way an annuity could be based on the last survivor of two people (Ball, 1927; Cajori,
1938.) Other famous mathematicians from the Netherlands include Johann Hudde (1629-
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1704), Rene Francis de Sluse (1622-1685), and Christian Huygens (1629-1695).
Hudde contributed to analytic geometry and mathematical analysis and also worked with
De Witt on the study of life expectancy. Sluse also studied analytic geometry along with
Huygens, a scientist as well as a mathematician. Huygens discovered an important
principle in the wave theory of light; he observed the rings of Saturn; and he invented the
pendulum clock (Boyer, 1991).
While the study of mathematics was flourishing in the Netherlands, interest in
mathematics was beginning to grow in England. The Royal Society, one of the oldest
scientific organizations still in existence, was formed. John Wallis (1616-1703), a charter
member of the Royal Society, was a member of the Holy Order although he spent most of
his time as a mathematician. Lord Cromwell used Wallis' talents to decipher secret
codes. Wallis became chaplain to Charles II when he was restored to the throne.
Subsequently, Wallis's main contributions to mathematics were in the fields of analytical
geometry and infinite analysis. During this same period of time, another Englishman,
Christopher Wren (1632-1723) published his work on analytic geometry, Philosophical
Transactions. However, his interests were more in the fields of architecture and physics.
Other mathematicians from the British Isles during the last half of the seventeenth
century were James Gregory (1638-1675), Nicholas Mercator (1620-1687), William
Brouncker (16207-1684), and Isaac Barrow ( 1630-1677). All of these mathematicians
added greatly to analytic geometry and infinitesimal analysis. They were the forerunners
of differential and integral calculus (Ball, 1927; Boyer, 1991).
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Modern Mathematics in the Eighteenth Century
Isaac Newton (1642- 1716) enrolled at Trinity College in 1661 and studied
chemistry. However, while at college, he read the works of many of the mathematicians
mentioned thus far— Galileo, Fermat, Huygens, Wallis, Viete, and Kepler to name a few.
By the time he completed his studies in 1665, he was ready to contribute to mathematics
ideas of his own. Trinity College was closed because of the plague, forcing him to return
home where he made four of his chief discoveries: the binomial theorem, calculus, the
law of gravitation, and the nature of colors. In his discovery of the binomial theorem, he
found that the laws that governed infinite series were the same as the laws that governed
finite quantities. Newton coined the word "fluxions" when discussing rate of change. He
referred to the quantities of fluents when discussing calculus (More, 1962).
In 1687, Newton published Philosophiae naturalis principia mathematica that is
usually referred to as simply Principia. Most students of mathematics are aware of
Principia, Newton's most admired work. Although the titles of the three books of
Principia would suggest that the books only dealt with physics and astronomy, vast
quantities of pure mathematics are contained in these books, particularly dealing with the
conic sections. Principia was published in 1672, fifteen years after Newton's paper, the
Philosophical Transactions. He was very sensitive about his work and was criticized
often by other mathematicians. Therefore, he did not publish anything else until 1672.
Other well-known works by Newton were Opticks, published in 1704, that had as
appendices the De quadratura curvarum and Enumeratio linearum tertii ordinis. The
former was an intelligible account of his calculus, and the latter was devoted solely to
graphs of higher plane curves in algebra. The Method of Fluxions, written in 1671 in
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Latin, described eight types of coordinate systems including polar coordinates and
bipolar coordinates. The Method of Fluxions contained a diagram later known as
"Newton's parallelogram" that was useful in sketching curves and investigations into
infinite series. Needless to say, Newton contributed much to mathematics as well as
science. He was knighted by Queen Anne in 1705 and was the president of the Royal
Society until his death in 1727. "Newton was buried in Westminster Abbey with such
pomp that Voltaire, who attended the funeral, said later, T have seen a professor of
mathematics, only because he was great in his vocation, buried like a king who had done
good to his subjects'" (Boyer, 1991. p. 414).
Gottfried Wilhelm Leibniz (1646- 1716) was bom in Leipzig, and by the age of
fifteen, had entered the university where he studied theology, law, philosophy, and
mathematics. He received his bachelor's degree at the age of eighteen and was ready to
receive his doctorate of law degree at age twenty. However, the university claimed he
was too young and would not grant his degree. Consequently, he left Leipzig and went to
the University of Altdorf in Nuremberg where he obtained his doctorate and became a
professor of law at the university. He later became involved in the diplomatic service of
the government. Because he traveled extensively, Leibniz went to London in 1673 where
he became a member of the Royal Society. After leaving London for a short while, he
returned in 1676, bringing his calculating machine with him and his work on differential
calculus. Leibniz, who developed methods of finding sums and differences, determined
whether the functions were rational, irrational, algebraic or transcendental. He coined the
word "transcendental" as well as calculus differentialis (differential calculus), and
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calculus integralis (integral calculus). In 1678, he published an explanation of the
inverse relationship between integration and differentiation (Kreiling, 1968).
Other contributions of Leibniz to mathematics were his generalization of the
binomial expansion theorem to the multinomial theorem and his introduction of
determinants. He also contributed greatly to the use of symbols in mathematics with his
symbols for integration, differentiation, proportion, "similar to," and "congruent to."
Because Leibniz was a philosopher as well as a mathematician and scientist, he
contributed greatly to the study of logic. He was the first to introduce symbolic logic and
envisioned a universal symbolism that could be used in all languages. "Truths of
reasoning, for Leibniz, included all mathematical axioms, postulates, definitions and
theorems, since their opposites involve contradiction (Kreiling, 1968)." Unfortunately,
his ideas concerning logic fell on deaf ears with some claiming logic was too
metaphysical. The idea, "algebra of logic," was revived again in the nineteenth century
paving the way for its effective use in mathematics for years to come (Hall, 1980).
During the late seventeenth and early eighteenth centuries, one Swiss family
produced some of the foremost mathematicians in integral and differential calculus.
Jacques Bernoulli (1654-1705) and Jean Bernoulli (1667-1748) were two brothers who
were in conflict with each other as to who was the first to discover a solution to the
"brachistochrone problem, that is, to find the curve along which a particle will slide in the
shortest time from one given point to a second lower given point not directly beneath the
first point" (Boyer, 1991, p. 417). Actually, Jacques solved the proof of the problem and
found that the curve was indeed a cycloid. Unfortunately, Jean tried to deceive other
mathematicians into thinking the proof was his.
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Jacques Bernoulli was fascinated by curves and was intensely interested in the
logarithmic spiral. He discovered several properties of this curve that no one had
mentioned previously. Also interested in probability, he wrote a classic treatise entitled
Ars conjectandi that was published in 1713, eight years after his death. In this treatise, he
wrote the first substantial proof of the binomial theorem for positive integral coefficients
using mathematical induction. His brother Jean is regarded as the inventor of the calculus
of variations and he contributed greatly to differential geometry. However, Jean was
very tactless and very controversial, both of which led to the estrangement of his son
Daniel who was extremely gifted in mathematics and science. Daniel's work in
thermodynamics resulted in "Bernoulli's principle," a principle on fluid motion that is
studied in most physics courses today. Jean, Daniel, and Daniel's older brother Nicolas
contributed greatly to the field of probability theory, a field of study that was becoming
more popular during the eighteenth century(Aaboe, 1964; Sarton, 1936).
Many other mathematicians contributed greatly to probability theory during the
eighteenth century. Abraham De Moivre (1667-1754), one of the more famous ones,
was bom a French Huguenot but went to England after the revocation of the Edict of
Nantes where he met Newton and became a private tutor. Elected to the Royal Society,
he wanted to become a university professor but was never granted a position at a
university in England because of his non-British status. In spite of his long hours of
tutoring to make a living, he was able to write a book on probability titled Doctrine of
Chances. He credited Jacques, Jean, and Nicolas Bernoulli with the ground- work on
probability.

De Moivre was interested in generalizing probability procedures and

notations. De Moivre's problem, used in basic probability studies, is based on the random
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variation of the number of heads appearing when a large number of coins are tossed
(Blumen, 1995). Furthermore, in his later work. Miscellanea analytica, he not only wrote
about probability but he enhanced the study of analytical trigonometry. In Miscellanea,
De Moivre developed his well-known theorem used today. De Moivre wrote other
volumes of mathematics that dealt with imaginary numbers and infinite series. He had
corresponded with Jean Bernoulli for a decade and was elected into the Royal Society in
1712 (Bell, 1945;Boyer, 1991).
One of the most famous mathematicians to emerge during the eighteenth century
was Leonhard Euler (1707-1783). He was bom in Basel, Switzerland where he studied
under Jean Bernoulli. Euler's father wanted him to go into the ministry, but Euler
showed a keen interest in mathematics at an early age. He also studied medicine,
astronomy, physics, and oriental languages. Because of his well-rounded background, he
became a professor at the St. Petersburg Academy in Russia. The Academy almost
folded when Catherine I died because the rulers after her were not very interested in
foreigners teaching there. However, in 1730, Euler was given the chair of natural
philosophy at the Academy. After Daniel Bernoulli left the Academy in 1733, Euler
became the principle mathematician at the Academy. He married and eventually had
thirteen children. A family man, he wrote research articles while watching his children
play. Although he lost sight in his right eye in 1735, this event did not slow down his
writing about mathematics. In 1766, Euler lost sight in his remaining eye due to a
cataract. In preparation for his impending blindness, he would write on a slate with chalk
and dictate to his children. Despite his struggle with his eyesight during most of his adult
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life, Euler managed to publish more than five hundred books and papers throughout his
lifetime (Ball, 1927; Boyer, 1991; Cajori, 1938.)
Because of his ease with learning languages, Euler had no trouble in reading
works of other mathematicians from other countries. One of Euler's greatest
contributions to mathematics was his notation building. Thanks to him, we use symbols
e(base of natural logarithms), n( ratio of the circumference of a circle to its diameter),
/'(imaginary number), I (summation), and function notation, fix) to name a few. Euler
contributed much to the field of analysis— the study of infinite processes. In his book,
Introductio in analysin infinitorum, Euler thoroughly discussed infinite series, both
convergent and divergent, infinite products and infinite continuous fractions, and
differential calculus. An analytic approach to the trigonometric functions is also included
in Introductio. This volume also includes a significant contribution to solid analytic
geometry.

Because of his research in mathematics and his numerous publications, Euler

is considered one of the most outstanding mathematicians of the eighteenth century
(Euler, 1985.)
Mathematics in France During the French Revolution

The advancement and perfection of mathematics are intimately connected
with the prosperity of the State.

Napoleon I (Boyer, 1991, p. 466)

During the latter part of the eighteenth century, mathematics in many countries
seemed to be progressing at a snail's pace. Historically, the eighteenth century is
considered a preparation mathematically for the nineteenth century discoveries. During
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this time, America was fighting for its independence and the Industrial Revolution was
beginning. The year 1789 was crucial for the French. Several mathematicians were
deeply involved in the French Revolution. Not associated with universities, they were in
the military or associated with the church. Several of these men were ridiculed for their
political convictions and sometimes their convictions cost them their positions in the
government as well as their teaching roles at the military academies. One committed
suicide while in prison. I will briefly discuss the contributions of six influential French
mathematicians.
Joseph Louis Lagrange (1736-1813) was not really a Frenchman although his
background included much French ancestry. Bom in Turin, he was the sole survivor of
eleven children. As a young man, he was educated in the military academy at Turin and
became a professor of mathematics at the academy. Marie Jean Condorcet (1743-1794)
was educated in France at Jesuit schools and at the College de Navarre. To his family's
disappointment, he became a mathematician and philosopher (Baker, 1975).
Consequently, he did not join the military as they had hoped. Gaspard Monge (17461818) was bom into a poor family. However, a lieutenant colonel in the army discovered
Monge's abilities and arranged for him to take classes at the Ecole Militaire de Mezieres
in France. He impressed the authorities at the school so much he was awarded a position
on the teaching staff. He was the only one of the six mathematicians who enjoyed
teaching (Boyer, 1991; Cajori, 1938).
Pierre Simon Laplace (1749-1827) was also bom poor, but like Monge, he found
favor with an influential military family and was educated at a military academy. Adrien
Marie Legendre (1752- 1833) had no trouble obtaining an education and eventually
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taught at the Ecole Militaire in Paris. The youngest of the six mathematicians was
Lazare Camot (1753- 1823). Educated at the Ecole Militaire at Mezieres where Monge
was one of his teachers, Camot joined the military when he left the academy. He could
not obtain a rank higher than captain because he was not of noble descent. One of the
factors that led up to the French Revolution was the complete waste by the government of
the resources in their country. None of the six mathematicians mentioned above were
given positions in the universities or the government that were commensurate with their
abilities (Smith, 1958; Struik, 1963).
All of the mathematicians listed above published many books and papers on
mathematics before 1789. However, Condorcet was the only one of the six who actually
had a hand in the events leading up to the French Revolution. A philosopher at heart, he
did publish a text on integral calculus in 1765 and another one on probability in 1785.
Monge was more of a teacher and researcher than a textbook writer. His work in
mathematics was both pure and applied; yet he was known for his works in physics and
chemistry rather than in mathematics. Because the government wanted to keep it
confidential for national purposes, Monge's chief publication, the Geometric descriptive,
was not published right away. By 1786, Laplace and Legendre had published many
articles for important periodicals and Camot published a second edition of his Essai sur
les machines en general as well as a work on fortifications (Katz, 1993; Kline, 1972).
At the time of the fall of the Bastille in 1789, the six mathematicians were divided
into two camps: Lagrange, Laplace, and Legendre took no interest in the politics of the
time whereas Camot, Condorcet, and Monge took part in revolutionary activities. In
1790, Talleyrand wanted the system of weights and measures overhauled. The Academic
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des Sciences was given the task to study the revision. A committee was formed with
Lagrange and Condorcet as members. Eventually, the decimal system was adopted
where the meter was defined as the ten-millionth part of the distance between the equator
and the pole.
Besides being a brilliant mathematician, Condorcet was a visionary and wanted
France to adopt a system of public education. He was constantly proposing ways to help
mankind and believed that the secret to eliminating vice was through an educated public.
In 1792, Condorcet published his ideas on free public education. However, extremists
had seized control of the government and his ideas came under attack. Condorcet went
into hiding because he denounced the Septembrists who had gained control of the
government. During the long months of concealment, he wrote a Sketch for a Historical
Picture of the Progress of the Human Mind in 1794. This work was a nine-step look at
how mankind had evolved in France up to the Revolution. He wrote a tenth step that was
a prediction of how life would be after the Revolution. Shortly after he wrote a Sketch,
he came out of hiding and was put into prison where he committed suicide (Baker, 1975).
Monge was a teacher of mathematics as well as a political activist. "Throughout
the Revolution he found himself in a precarious position, for he was too liberal for the
conservatives and too conservative for the extremists" (Boyer, 1991, p. 474). He taught
at the Ecole Polytechnique where he lectured on descriptive and solid geometries.
Another school that was opened during this period was the Ecole Normale. The faculty
was comprised of well-known mathematicians such as Monge, Lagrange, Legendre, and
LaPlace. Unfortunately, because of administrative difficulties, the school did not remain
open. While teaching at the Ecole Polytechnique, Monge was compelled to write a book.
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Feuilles d'analyse, for his course in analytic geometry. The students found this course
too difficult, but Monge was reluctant to write the course in a more elementary form
( Bell, 1945; Tumbull, 1962).
Camot (Gillespie, 1971) was not only a mathematician but also a great military
leader during the Revolution. He tried to remain neutral during the war, but he soon
discovered that he had to take sides. He voted for the death of King Louis XVI. Camot
also antagonized Robespierre, a French military leader, who threatened to cut off
Camot's head if he made any military mistakes. Fortunately, Camot won the admiration
of the citizens of France with his military victories. The head of Robespierre fell when
there arose a voice against Camot in the Convention. Camot was instrumental in
establishing the Ecole Polytechnique. Because he refused to join a partisan coup d'etat in
1797, Camot was exiled. His name was removed from every document in the Ecole
Polytechnque, an Institute he had helped establish, and his geometry chair was given to
General Napoleon Bonaparte. Monge, who had been an ally of Camot, voted for
Bonaparte to take over Camot's position. Unfortunately for Camot, he had helped
Bonaparte rise to his glory and fame but did not hesitate to vote against him when he felt
that Napoleon had become a ruthless military force (Gillespie, 1971).
While in exile, he wrote the Reflexions sur la metaphysique du calcul
infinitesimal, which appeared in 1797. This volume, more philosophical than
mathematical, foreshadowed the period of rigor and study of pure mathematics in the
next century. Since Reflexions was very popular during and after that period of time, it
was translated into several languages and went through several editions. After he left his
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exile, he wrote several books on pure geometry and analysis (Cajori, 1938; Gillespie,
1971; Smith, 1958.)
Camot, a master at generalization, was able to take well-known theorems and
extend them to include more complicated figures. Although he was a great
mathematician, he was not a good speculator when it came to business matters.
Financially ruined in 1809, Camot was given a job in government by the emperor. Later,
Camot served under Napoleon for the good of France. Both Camot and Monge served in
military campaigns in Egypt and Italy. In fact, Monge was asked to decide what works of
art should be brought back to Paris as war booty. However, when the monarchy was
restored to France, Camot and Monge were exiled. Camot was exiled to Magdeburg
where he continued his scholarly pursuits whereas Monge was stripped of all his honors
as well as his teaching positions at Ecole Polytechnique and Institut National. Because
he could not handle such rejection, Monge died shortly afterward (Boyer, 1991; Struik,
1967).
Legendre, a political fence sitter, also wrote several books on geometry. He, like
Camot, was interested in mathematical rigor, but not to the extreme. Legendre's book,
Elements de geometric, was so widely used that twenty editions were published during
his lifetime. Many textbooks, used in American mathematics classrooms during the
nineteenth century, were written by Lacroix, Biot, Lagrange, and Legendre. Legendre
wrote Davies' Legendre, one of the most widely used geometry textbooks in America.
Although Legendre's Elements was a significant work of his, he was not primarily a
geometer. He contributed greatly to the fields of differential equations, calculus, number
theory, theory of functions, and applied mathematics (Cajori, 1938; Sarton, 1936).
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Lagrange, considered the keenest mathematician of the eighteenth century, did
not take sides in the Revolution. He was invited to teach at the Ecole Normale and the
Ecole Polytechnique where he lectured on analysis. His lectures at the Ecole Normale
were somewhat elementary in nature and were delivered at what would be considered the
level of a high school advanced algebra class or a college algebra course. These lectures
were published in a volume entitled Lectures on Elementary Mathematics that was
widely used in America. Since the students at the Ecole Polytechnique were of a higher
level mathematically, his lectures on analysis were more rigorous. This lecture series
was published as Theorie des fonctions analytiques in 1797 and is considered a classic in
mathematics. In earlier years, while teaching at the Berlin Academy, Lagrange wrote
extensively on mechanics, theory of equations, group theory, and number theory in
general. He proved many theorems of his own as well as unsolvable proofs by other
distinguished mathematicians. Lagrange also contributed to the probability theory but
was second in this field to Laplace (Katz, 1993; Kline, 1972).
Laplace, another mathematician who did not take sides during the Revolution,
associated with other colleagues who were not afraid to discuss their views concerning
the revolt. It is said that he escaped the guillotine only because he was such an important
man of science.

He taught at the Ecole Normale and the Ecole Polytechnique but did not

publish his lecture notes. Although he was politically neutral, he did serve on the
Committee of Weights and Measures, and Napoleon appointed him Minister of the
Interior, a position he held for only a short period of time.
Although Laplace is considered one of the leading mathematicians of the
eighteenth century, his work did not have an immediate impact on the field of
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mathematics as did the works of the other French mathematicians. However, in the
field of probability theory, Laplace was the definitive leader in the eighteenth century.
His work, Theorie analytique des probabilites, is a compilation of his memoirs on
probability from 1774 through 1812. In 1814, he published Essai philosophique des
probabilites, a work on probability that considers all levels of the subject for any reader
of mathematics. Laplace contributed to the study of the solar system by using
applications of higher mathematics. In a five volume work titled Mecanique celeste,
Laplace discusses his theories of how the solar system was formed and how the planets
rotate on their own axes as well as how they rotate about the sun. Laplace developed the
concept of potential that is so widely used in physics for the study of hydrodynamics,
gravitation, and electricity. Much of Laplace's work was not considered significant at the
time, but his work had considerable impact on the fields of mathematics and physics for
years to come (Cajori, 1938; Smith, 1958).
The French dominated the field of mathematics during the eighteenth century.
Although the development of mathematics did not thrive during this century, Camot,
Monage, Lagrange, Legendre, Laplace, and Condorcet made significant contributions to
the study of mathematics and to the beginning of public education. Most of these men
were political activists and were important leaders in the French Revolution. Two of
them were exiled but continued to pursue their passion for mathematics.
...the things that really count in mathematics, and have lasting influence,
are not those that immediate practicality dictates. Even in times of crisis,
it is things of the "spirit" (in the French sense) that count most, and this
spirit is perhaps best imparted by great teachers. But perhaps more
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important than this is the moral that, like Camot, one should never lose heart,
no matter how disillusioning the political or intellectual outlook may be.
(Boyer, 1991, p. 495)
Early Nineteenth Century Mathematics
France was the dominating leader in mathematics during the eighteenth century.
However, the development of mathematics in the nineteenth century was dispersed
throughout Europe with no one country being the predominant leader. Next, I will
discuss the contributions of two extremely influential mathematicians of the early
nineteenth century, Carl Friedrich Gauss (1777-1855) and Augustin-Louis Cauchy (17891857). There were many other people who played important roles in mathematics
development during this century, but my focus will be on Gauss and Cauchy.
Gauss was bom in Germany and was a child prodigy. When he was ten years of
age, it is said that his teacher had the class add the numbers between one and one
hundred. The teacher told the students to place their slates on the table when they had
completed the task. Almost immediately. Gauss placed his slate on the table. The
teacher, who did not believe that the young Gauss had arrived at the sum so quickly,
looked at his slate and saw that Gauss had indeed arrived at the correct answer. Of
course. Gauss had used the sum of an arithmetic progression to arrive at the answer so
quickly. Because of his amazing mathematical abilities, he was able to complete college
by the age of eighteen (Boyer, 1991).
Before he was nineteen years old. Gauss discovered that a regular polygon with
seventeen sides could be constructed with a compass and straightedge. Before his
discovery, mathematicians had thought a polygon with a prime number of sides, other
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than a regular pentagon, and an equilateral triangle could not be constructed. Many of
Gauss's contributions to mathematics were different proofs of mathematics theorems that
had been proven years before he was bom. One of his proofs was on the Fundamental
Theorem of Algebra. Gauss produced much work in number theory. Disquisitiones
arithmeticae was a major publication he wrote two years after his dissertation. In
Disquisitiones, Gauss developed the Gaussian integers that are in the form a + bi where a
and b are integers. This form is used today as a representation of real numbers in most
textbooks. He also developed a rigorous proof of the theorem that states any positive
integer can be written as the product of prime factors (Aczel, 2000; Davis & Hersh, 1981;
Struik, 1967).
Unfortunately, Disquisitiones was not considered important for many years. In
those days, other mathematicians did not accept another's work unless they themselves
could decipher the proofs of the theorems and deem them correct. However, one person,
a "Monsieur Leblanc" from France, took an interest in Gauss's work. It turned out that
this Monsieur Leblanc was Sophie Germain (1776-1831). She was not allowed to attend
the established institutions because they were closed to women. She corresponded with
Gauss on aspects of number theory and also won the respect of Lagrange and Legendre.
The Paris Academy of Science awarded her a prize as a result of her work with elastic
surfaces (Osen, 1974).
Gauss (Gauss, 1963) was not only interested in number theory but also in
astronomy. He was able to calculate the orbit of the asteroid Ceres by using only a
minimal number of observations made by Giuseppe Piazzi at the Palermo Observatory.
After his success with calculating the orbit of Ceres, Gauss became very popular with the
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astronomers of that time and was appointed director of the Gottingen observatory, a
post he held for over fifty years. He was also interested in perturbations. In working
with his friend Heinrich Wilhelm Olbers, he was able to work on the n-body problems
that were introduced by Euler and Lagrange. In working on these problems, he wrote
two works dealing with infinite series and numerical analysis.
Usually the young energetic genius. Gauss became a rigid individual who was
burdened by a strict sense of duty and often made decisions based on these new character
traits. He became interested in the details of instrument construction while supervising
the building of a new observatory. Through this interest, he became enthralled with the
errors that were perpetuated in using instruments. Thus, he wrote reports on error theory.
Also during this period, he was instructed to survey the Kingdom of Hanover where he
spent many summers under hazardous conditions. While surveying and writing reports on
what he found, he created a new type of geometry that was applied in physical research.
Gauss introduced differential geometry in 1827. In his classical treatise,
Disquisitiones circa superficies curvas, Gauss explained how differential geometry dealt
with the properties of a curve or a surface in the vicinity of a point on the surface or
curve. Thus, the curvature of a surface at a point is known as the "Gaussian curvature."
He gave his formulas for curvature in different coordinate systems, curvilinear as well as
Cartesian. Gauss wrote many articles about differential geometry as well as number
theory.

In an 1832 memoir to the Gottingen Society, Gauss presented a geometrical

representation of complex numbers. Many mathematicians were hesitant to use
imaginary numbers because they were not "real." Actually, Wallis had suggested that
the imaginary numbers be represented by a perpendicular to the axis of real numbers.
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However, no one had published this representation before Gauss and Wessel.
Actually, Wessel had published this representation of complex numbers before Gauss but
his work was virtually unknown. Therefore, the representation of complex numbers is
known today as the Gaussian plane .
During his last twenty years of life. Gauss published two major mathematical
works. One was the fourth proof of the Fundamental Theorem of Algebra that was
published fifty years after his first proof in his dissertation. The second publication was a
publication on potential theory that appeared in a volume he co-edited with a physicist
friend, Wilhelm Weber (1804-1891). Most of his publications in his last years dealt with
astronomical concerns. His best students became astronomers rather than
mathematicians because in his opinion the students to whom he taught mathematics were
not prepared mathematically when they came to the university. (Does this problem sound
familiar?) Although his publications and memoirs dealt with many fields of study,
Gauss's mathematics is considered the beginning of some of the most important findings
in modem mathematics today ( Bell, 1937; Derbyshire,2003).
Another important mathematician of the nineteenth century from Paris was
Augustin-Louis Cauchy, who was bom in France during the year of the Revolution. He
was fortunate to have well educated parents who afforded him the opportunity to study at
the Ecole Polytechnique and the Ecole des Ponts et Chaussees. Cauchy, an engineer until
1813, returned to Paris to present papers on his discoveries in mathematics and physics.
Later, he became a professor at the Ecole Polytechnique where he had studied.
Following in the footsteps of Gauss who actually initiated the use of the word
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"determinants" but in a different context, Cauchy developed the study of determinants.
He related his study of determinants to geometry and the propagation of waves by letting
A, B, and C be the lengths of the sides of a parallelepiped and projecting the sides onto a
rectangular coordinate system using x, y, and z and the axes (Smith, 1958; Stillwell,
1989).
Cauchy was unlike Gauss in that as soon as he made a discovery, he wanted it
published. Because he wrote many articles to the Journal of the Ecole Polytechnique and
to the Comptes Rendus of the Academic, he became very well known in Paris. Cauchy,
who could teach on all levels of mathematics, liked teaching whereas Gauss had disliked
it immensely. He wrote three textbooks on different levels of calculus-Cowrs d 'analyse
de I' Ecole Polytechnique (1821), Resume des legons sur le calcul infinitesimal (1823),
and Legons sur le calcul differentiel (1829). In these textbooks, Cauchy supplied the
study of real and complex variables in calculus with visual representations because the
concepts in this field are very abstract (Grabiner, 1981).
In 1830, Cauchy's career was curtailed when Charles X was deposed. Cauchy
refused to take an oath of allegiance to Louis-Phillipe, the new king of France.
Consequently, Cauchy left France and moved around Europe, being supported by the
Jesuits, the king of Sardinia, and Charles X. He returned to France inl838 and resumed
his activities at the Academy of Sciences where the oath of allegiance was not required.
He returned to teaching in 1848. During his exile, he continued his work in calculus,
particularly in the study of convergence. Several tests for convergence bear Cauchy's
name today (Ball, 1927; Boyer, 1991; Cajori, 1938; Smith, 1958.)
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Since Cauchy was so diligent in publishing every facet of mathematics and
science that he discovered, he lost track of the work he accomplished. As often happens,
Cauchy placed more emphasis on certain aspects of his work than were later deemed
important by the mathematics community. Conversely, discoveries that he did not think
were important at the time were later found to be very significant in the development of
mathematics. Cauchy contributed to other fields such as physics and error theory. He
did not care for the study of geometry even though he generalized the Descartes-Euler
polyhedral formula and the use of volume in his graphical representation of determinants
( Davis & Hersh, 1981;Lakatos, 1976; Stillwell, 1989).
Although Gauss and Cauchy were not the only two mathematicians to contribute
to the field in the early nineteenth century, they were certainly the most well-known and
prolific contributors to the study of mathematics at the time. Unfortunately, both men
were very selfish in attributing their discoveries to the works of previous mathematicians
in the eighteenth century and many times claimed particular findings were entirely their
own. They overlooked much of the work of their young contemporaries even though
many of them had discovered the same results as Gauss and Cauchy. Of course, claiming
discoveries that were not made by them was a common occurrence in that time period as
in preceding eras. Gauss and Cauchy died two years apart. Gauss in 1855 and Cauchy in
1857. Many of their contemporaries also died during the mid nineteenth century, thus
ending an era of discovery in mathematics. However, many great mathematicians
followed after them in other parts of the world, expanding the fields of geometry,
mathematical physics, analysis, algebra, topology, and probability ( Aczel, 2000;Cajori,
1938; Derbyshire, 2003).
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In the middle to late nineteenth century, topology became a topic of interest to
several mathematicians. Georg Fredrich Bemhard Reimann (1826-1866) was a student
of Gauss who, like Gauss, became very interested in the study of geometry and the
physical world around him. He was interested in the properties of shapes and their
surfaces regardless of whether or not they retained their original size and shape.
According to various sources, Riemann was the founder of topology even though the
study of the properties of surfaces had been developing for many years (Derbyshire,
2003; Edwards, 2001; Mlodinow, 2001). August Ferdinand Mobius (1790-1868) also
studied the shapes of objects and their surfaces. After his death, his memoirs on
properties of one-sided surfaces were discovered. The Mobius strip is credited to him
even though he was not the first to study these properties (Kline, 1964; O' Connor, 1997).
Considered a branch of geometry, it is studied as a distinct subject today. With the advent
of space travel and technology, topology is widely studied in the field of mathematics.
Another field of mathematics that has emerged in the twentieth century is graph
theory. Actually, Euler used graph theory in his famous Koenigsberg Bridges problem.
Some mathematicians place this problem with topology while others place this problem
with graph theory. I teach this problem in graph theory. Briefly, this problem takes place
in the town of Koenigsberg where seven bridges cross the Pregel River. The bridges
connected two islands in the river with the mainland. The townspeople wondered if it
were possible to cross the seven bridges in a continuous walk and return to town without
re-crossing any of the bridges. Euler found that a continuous walk crossing every bridge
exactly once and returning to the point of origin was not possible. He discovered that in
order for the bridges to be traversed only once, the number of bridges connected to the
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town and the islands had to be an even number. In graph theory, this is known as an
Euler circuit (or tour depending on which author one uses.) The number of edges (in this
case bridges) connected to any of the vertices (land masses) had to be an even number in
order for the tour to be accomplished. Even though Euler actually used graph theory,
Denes Kbnig (1884-1944) was the first to title this type of study graph theory. He
lectured quite extensively in the early twentieth century and by 1936, graph theory had
gained world wide significance. Kbnig was a humanitarian in Hungry during World War
II. He lost his life in 1944 trying to help mathematicians persecuted by the Hungarian
National Socialist Party, an appendage of the German Nazi Party. Often, the type of
graph theory espoused by Kbnig is often confused with graphing equations in a
coordinate plan. Graph theory is widely used in designing road interchanges as well as
electrical circuitry of all types such as cable connections and phone lines (Dossey, 1993;
Rosen, 1999; Anderson, 2000.)
Although probability and statistics were discovered centuries ago, their uses have
grown exponentially in the last century. Collecting and interpreting data drives our planet
in the twenty-first century. Predicting what will happen in the future is the mainstay of
our economy. Many colleges and universities now require statistics as one of its courses
required to obtain a degree. Salsburg (2001) in The Lady Tasting Tea give an anecdotal
look at how the use of statistics in the field of science developed during the twentieth
century. One of the twentieth century explorers of probability and statistics was John
Maynard Keynes (1883-1946), a professor of economics at Cambridge for many years.
Keynes suggested that probability is a logical relation and thus it is objective. He also
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stated that two probabilities could not be necessarily compared. Probability has a
truth-value independent of people's opinions (O'Connor, 2003).
Frank Ramsey (1903-1930) lived a short life in Cambridge, England where he
studied and taught mathematics at King's College. He made significant contributions to
the field of logic where he contributed the Ramsey theory on combinatorial arguments
and mathematical theory in the field of economics (Rosen, 1999, O'Connor, 2003.)
Computers took over the field of mathematics in the 1960s. I know. I was there.
I remember taking computer programming classes and going to very large rooms where
the computers were housed and typing "key-punch" cards for each line of my program.
Now, of course, we can carry computers around in the palms of our hands. Programming
courses were typically mathematics courses where the problems posed were written in
some form of logical order for the computer to read.
Logic and Boolean algebra are certainly two major components of programming
and wiring computers. All information that goes into a computer is converted into one's
and zero's. In logic, one is equivalent to true and zero is equivalent to false. Circuit
diagrams are used to illustrate the path of electricity or the logical flow of information
through computers. In a Discrete Mathematics course that I teach, we study both of these
types of circuitry. The logic diagrams are used in parallel and series circuits. The
Boolean expressions show the schemata of different electrical devices. A few years ago, I
had a whole board in my classroom filled with Boolean diagrams. A retired commander
in the Navy who taught NJROTC at my school walked into my room and asked me if I
taught the material on the board. I told him we learned the basics. He replied that there
were huge notebooks filled with those diagrams on nuclear powered submarines. I was
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amazed to discover that the Navy used such diagrams to show the electrical
configurations of their submarines. I suppose Georg Boole (1815-1864) could not
imagine how his form of logic would be used. His logic was shown very little interest in
the nineteenth century (Gardner, 1969; Rosen, 1999.)
The last two mathematics phenomena I wish to discuss are relatively new to the
field of mathematics. In many ways, they are related to each other. Chaos theory studies
the orderliness of chaos. Although several mathematicians and scientists have written
about chaos theory, Edward Lorenz, a meteorologist, was the first to discover it. It was
initially known as sensitive dependence on initial conditions. A minute change over a
period of time can create a vast change in given conditions. Four results can happen in
chaos theory: 1) order out of order; 2) order out of chaos; 3) chaos out of order; 4) chaos
out of chaos. Think about it. Is it not true that any of these four results can happen at any
given time in our lives? Benoit Mandelbrot (1924- ), who worked for IBM, studied selfsimilarity which is a very large component of chaos theory. Mandelbrot studied the
prices of cotton for a period of sixty years. No matter how he analyzed the data, he could
never get the data to fit a normal curve. However, the curves of the daily and monthly
price changes fit perfectly. In mapping a coastline, no matter how detailed the map is,
there will always be a minute portion that is missed no matter how great the
magnification.
I have actually studied designs in the sand that are made from the ocean as it
recedes at low tide. There is a large branch in the middle that looks like a tree without
leaves. From the large branch, smaller branches extend that are identical to the large
branch. From those branches, smaller identical branches protrude.
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The Mandelbrot Set is the simple equation z = z + c where z is a complex
number. To see if a point is part of the Mandelbrot Set, take a complex number, square it,
then add the original number. Repeat and if the number continues to increase to infinity,
then it is not a part of the Mandelbrot Set. Chaos theory is being widely used in science
and economics. Other uses include music and computer generated art. Who knows what
other uses this chaotic theory will attain? (Doll, 1993; Chaos, 2003).
In the preceding chapter, it was impossible to do justice to all of the important
mathematicians and their discoveries throughout the Renaissance period through the
twentieth century. In reconceputalizing mathematics education, going back to the roots
of some of the mathematics discoveries would make mathematics education much more
interesting. The vast majority of my students like social studies. They like to discuss why
certain events happened in history and what effect those events have on what is
happening in today's world. Since many of the mathematicians I have discussed (as well
as many I did not discuss) were active in their governments and contributed to the events
happening at their time in history, I believe students would be more receptive to studying
mathematics if they knew more about what was happening in mathematics development
at different junctures in history. My colleagues, who did take a history of mathematics
course in college, had to spend most of their time in that course trying to improve or
further develop proofs of the ancient mathematicians. This is well and good if you are
going to do pure research in mathematics and your intent is not to educate the masses as
we do in public education. Since most students in high school like to study history,
would it not make more sense to have a history of mathematics course in teacher
preparation that discussed not only what mathematics was discovered but also the events
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in history at the time of that discovery? Could the personal lives of the mathematicians
who made these discoveries be included? Morris Kline (1958) in a speech to the Thirtysixth Annual Meeting of the National Council of Teachers of Mathematics in April, 1958,
expressed a similar point of view. In his speech, he discusses the point that students must
be interested in the study of mathematics before they will be interested in "doing"
mathematics. I will discuss more of his views on mathematics education in Chapter V.
As noted in the summary of the development of mathematics, by the beginning of
the nineteenth century, education became more of a priority in Europe than in previous
eras. This extended to the New World colonies. By the end of the eighteenth century,
America was a well-established country. The founding fathers had established schools
and universities, patterned after the schools in Europe, to educate its citizens, primarily
the rich and prosperous. However, attempts were made in the latter seventeenth century
to establish public schools to educate all children. Unfortunately, towns were required to
pay for the establishment of these schools, thus rendering many small towns unable to
provide a public education for its children. As in Europe, girls were not educated as
readily as boys, poor people could not send their children to school, and in many schools,
simple mathematics was the only mathematics taught. Higher-level mathematics was
taught only in the universities. Yet, many universities did not teach any mathematics
above algebra as a requirement to receive a degree from their university. Mathematics
education had an uphill climb in American education as it still does today. The
development of education, particularly mathematics education in America, will be the
focus of the next chapter. National, state, and local committees met and very little was
accomplished just as it happens in education today. The problem, as I see it, hinges on
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who is to decide what mathematics should be taught in our schools. Is there an answer
to this problem?

Chapter IV
A HISTORICAL PERSPECTIVE OF MATHEMATICS EDUCATION FROM
THE EIGHTEENTH CENTURY THROUGH THE TWENTIETH CENTURY IN
THE UNITED STATES

Introduction
Until the time of Plato, the study of mathematics was divided into two categoriesscholarly and practical. Mathematics that was considered scholarly was the mathematics
taught in the academies and the mathematics of the great thinkers. Practical mathematics
was the mathematics needed in every day life and in the work place. Plato said, "all these
studies (ciphering and arithmetic, mensurations, relations of planetary orbits) into their
minute details is not for the masses but for the few" (Plato's Laws VII, 818, as cited in
D'Ambrosio, 1985, pp. 16-17). During the period known as the Middle Ages, the two
studies of mathematics finally started to converge. Practical geometry was widely used.
Arabic numerals were beginning to emerge in ciphering and counting. The need
for mathematics arose during the Renaissance period when the study of architecture
became important as did perspective drawings in art. Artisans needed mathematics to lay
bricks, construct buildings, draw plans, and provide schematics for machinery. The pace
of this convergence increased for social reasons as well as for reasons of necessity during
the Industrial Revolution (D'Ambrosio, 1991).
Throughout the later nineteenth century and early twentieth century, the questions
of what to teach to students in mathematics and how to teach it were discussed by
mathematicians, mathematics educators, business people, engineers, and anyone else who
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students for life as well as college. Benjamin Franklin established the first academy in
1749. Unfortunately, academies were not widespread until after the Civil War. On the
other hand, colleges and universities were established early in America. Harvard was
established in 1601, William and Mary in 1693, Yale in 1701, Princeton (College of New
Jersey) in 1746, as well as many others throughout northeastern America (Rudolph,
1962). Most of these universities did not require mathematics for entrance into their
schools. Arithmetic was soon made a requirement for entrance into the universities. For
the most part, geometry and algebra were not required until after the Civil War.
Technical colleges began to be established in the early nineteenth century. The
Military Academy at West Point, established in 1802, was considered the center of
mathematical thinking and innovative ideas. Many of the teachers at West Point and the
books used there came from France. Charles Davies, chairman of the mathematics
department, translated many of the French texts into English. Because of his translations,
many of the books were distributed throughout the United States and were used at many
other colleges and universities. Just think of the influence on mathematics education
Charles Davies had. His influence on the mathematics was inevitable because of his
translation.
As the United States grew with westward expansion, more schools were
established in the western United States. The schools were largely established in the
towns and communities. Unfortunately, families that lived far away from the towns had
to teach their children at home. Compulsory education was established in the eastern part
of the United States as early as 1852 in Massachusetts. Of course, compulsory education
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could not be enforced in the West because of the vast distances between towns and cities.
Therefore, mathematics taught in the schools out West was practical as well as utilitarian.
Mathematics Taught in the Schools and Universities
Most schools of the early settlements were modeled after the European schools
because that was all the settlers knew. Obviously, the Revolutionary War, the War of
1812, and the Civil War interrupted education in America. Many of the students could
not attend school because they had to stay at home and work while their fathers fought in
the wars. Consequently, little changed in the teaching of mathematics throughout the late
seventeenth, eighteenth, and middle nineteenth centuries. During this period, most
mathematics taught in the elementary schools dealt solely with business applications and
the counting of money. Cohen (1982) discusses how people in America thrived on
counting and measuring. She gives illustrations of how being able to manipulate
numbers impacted the lives of Americans in the seventeenth through the nineteenth
centuries. Robert Clason reported of the early 1800s that students were given writing
materials to work on a problem given to them by the teacher. Very little instruction was
given as to how to work the problem. On the other hand, mathematics was taught in the
universities to enable students to become officers in the military. The making of guns,
machinery, and other weapons was one of the main purposes for studying mathematics.
Not until the late nineteenth century did the study of mathematics attain widespread
importance (NCTM, 1970).
Although arithmetic was used more often than other mathematics in the early
nineteenth century, it was moved from the academy level or high school level to the
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elementary school. Geometry was moved to high school a few years after arithmetic was
moved to elementary school. Algebra became a requirement for entrance into Harvard in
1820 followed by Yale and Princeton in 1847 and 1848 respectively. Geometry became
an entrance requirement at Yale in 1865, Princeton, Michigan, and Cornell in 1868.
Harvard required geometry and logarithms for entrance in 1870. Algebra and geometry
were important to both factions of thinking at that time. These two subjects provided
enough rigorous thinking and language base for the group whose purpose for
mathematics was to provide a solid foundation for entrance into college. Algebra and
geometry were necessary subjects for the group who thought of mathematics as a tool for
the study of science and technology. People who were planning non-college preparatory
programs proposed that students on this track take the same subjects— algebra, geometry,
and trigonometry— as the students who were going to college (Rudolph, 1962). The same
thinking is taking place today. The programs designed for technical career students
require the students to take the same mathematics as the college preparatory students. I
am not sure I agree with this thinking. I do not believe students who are going to
technical school or into the job market need advanced algebra and calculus.
The colleges and universities established west of New England had particular
problems inherent in them because many of the students who went to college were not
prepared due to lack of formal education in their communities. Many of the students did
not live close to a school and had to get their education in fragmented segments.
Therefore, the colleges set up academies for the students who had not had adequate
secondary education. In 1870, James Burrill Angell, the acting president of the
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University of Michigan, set up a committee of accreditation of secondary schools and
academies. This committee led to the founding of the New England Association of
Colleges and Secondary Schools in 1885. Because of the lack of consistency of the
courses taught at the academies, the colleges felt a need for some type of accreditation
policies to ensure the students from the academies were prepared to enter college
(NCTM, 1970).
Since most of the teachers of mathematics during the nineteenth century had
studied abroad, pure mathematics was most often taught in the colleges and universities.
Very little applied mathematics was taught. Laplace's Mecanique Celeste was translated
and published by Benjamin Pierce and Nathaniel Bowditch for distribution throughout
the universities. The teaching of pure mathematical concepts continued into the twentieth
century, thus leaving the applied mathematics unattended. This turned out to be a big
mistake when America became involved in the World Wars (Committee of Civilian PreInduction Training Branch of the Army Service Forces, 1943).
In the late nineteenth and early twentieth centuries, educators decided that
arithmetic should be taught in grades 2 through 6 and algebra should be introduced in
grades 7 and 8. Furthermore, educators advised that the amount of time spent on
mathematics in the classroom be reduced. William Betz (1923) discussed in his paper,
"The Confusion of Objectives in Secondary Mathematics", how educators and the
various government committees on education could not agree on what mathematics
should be taught in secondary schools and how it should be taught. However,
industrialization in the United States as well as the World Wars had a tremendous affect
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on what mathematics should be taught in the schools. Students needed to take more
"advanced" mathematics in order to become better soldiers. After World War II, society,
at that time, wanted more applied mathematics courses taught in the secondary schools.
However, with the launch of Sputnik in October 1957, mathematics and science
education took on a new meaning (Secondary-School Curriculum Committee, 1959).
Technology advanced tremendously during this period as it continues to do so today.
Schools implemented more science and mathematics courses as requirements for
graduation from secondary school.
In order to teach the higher-level mathematics courses, students needed to be
taught the fundamental structures of mathematics that should begin in elementary school.
In his report at the Woods Hole Conference in 1960, Jerome Bruner stated that
understanding fundamentals makes a subject more comprehensible. He further stated that
unless details are placed into a structured pattern, they are rapidly forgotten. This
structured pattern ensures that memory loss will not mean total loss, and what remains
will permit one to reconstruct details when needed. Furthermore, understanding
fundamental principles and ideas appears to be the main road to adequate "transfer of
training." Bruner emphasized that by constantly re-examining material taught in
elementary and secondary schools for its fundamental character, one is able to narrow the
gap between advanced knowledge and elementary knowledge (Bruner, 1960).
The concept of continuing themes and spiraling learning continued through 1963.
Because of the study made by the Committee on Geometry in 1929 (Committee on
Geometry, 1931), many school districts added courses in plane and solid geometry to
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their curriculums. H.P. Fawcett published a study in the Thirteenth Yearbook of NCTM
in 1938 where he encouraged students to make their own definitions and assumptions not
only in Euclidean geometry but also in politics, advertising, and school problems.
Because of this study, many teachers of that time tried this approach in their own
geometry classes as well as in other mathematics classes.
Most of the changes and implementations of new curriculum were geared toward
the college preparatory student. The mathematics curriculum in junior high school and
elementary school were intended to meet the needs of all students. However, even in the
elementary and junior high schools, the needs of the slower student were not discussed.
Unfortunately, the mathematics needs of the non-college bound students were not being
addressed in secondary school.
Naturally, qualified mathematics teachers had to be provided to schools in order
for students to receive a strong foundation in mathematics. Unfortunately, finding
qualified mathematics teachers was no easy task just as it is not today.
Teacher Training and Pedagogy
The church played a tremendous role in education in the early settlements.
Schools were conducted similarly to religious schools of Europe. However, as the United
States began to expand and industrialize, the need for teaching methods other than rote
drill and ciphering became a realization. Students in the early schools simply had
ciphering books that were no more than pads of blank paper where they would write
everything the teacher said in the book. Sums of numbers and rules for arithmetic were
written in the ciphering book. Later, students were taught by the Lancasterian system
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where one teacher would teach a large group of students of different ages with the help of
advanced students who would teach the younger ones. After Warren Colbum's book
First Lessons was published in 1822, significant changes occurred in teaching
mathematics in the schools especially to younger children.
The teaching methods of J. H. Pestalozzi had a tremendous impact on the teaching
of arithmetic in the early nineteenth century. He emphasized the use of concrete
materials and real life experiences to teach arithmetic to children as young as five or six.
Warren Colbum published a book entitled The Arithmetic on the Plan of Pestalozzi in
1821. Teachers taught mathematics from his text for several different age groups. A
separate text for each grade level was not introduced until the early twentieth century
(NCTM, 1970).
The first normal school was established in 1839 by Horace Mann. Formal teacher
training had been instituted in 1832 at New York University, in 1850 at Brown
University, and 1860 at the University of Michigan. Teachers College was founded at
Columbia University in 1888. Methods courses soon followed at Harvard and at many
other universities across America. Many men who taught methods in the universities
traveled abroad and studied the teaching methods used in Europe. Charles Davies
published the first methods book for teaching secondary mathematics in 1850 entitled
The Logic and Utility of Mathematics with the Best Methods of Instruction Explained and
Illustrated. It contained a combination of foundations of mathematics and methodology
in the teaching of mathematics. The theories of European philosophers such as John
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Locke, Herbert Spencer, and Immanuel Kant were included in pedagological texts in the
nineteenth century.
Typically, the teacher of arithmetic in the late nineteenth century taught arithmetic
as a mental discipline. Fortunately, some authors of arithmetic texts indicated a concern
for practical mathematics that was used in different vocations. Joseph Ray (1807- 1857)
wrote The Little Arithmetic, published in 1834; Intellectual Arithmetic, published in
1857; and the New Practical Arithmetic, published in 1877 under his name. He sold his
copyright to the publishers of the McGuffey Readers. The titles of each book give
indications of the type of arithmetic contained in each book. The Little Arithmetic
contained very little abstraction. Intellectual Arithmetic contained number theory such as
the science of numbers and exercises to "sharpen the mind." Naturally, the New Practical
Arithmetic contained problems from business and common measurements to problems in
compound interest. Joseph Ray's arithmetic texts were to mathematics as McGuffey was
to reading.
Subsequently, the psychologists imposed their methods on the teaching of
arithmetic by the stimulus-response method that entailed vast amounts of practice in
order that a connection would be made between the practice and a particular skill in
arithmetic. Consequently, the teaching of arithmetic became fragmented. Skills were not
related to each other in fear that the bond between the practice and the skill would not be
strong enough for the student to retain the skill. Edward L. Thomdike was the leading
psychologist of that time who was a proponent of the stimulus-response method of
learning arithmetic (Thomdike, 1922).
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John Perry, an educator from England, proposed that mathematics and science be
taught together with a laboratory setting used to teach mathematics. In 1902, E. H.
Moore espoused Perry's ideas of teaching mathematics in his retirement address as the
president of American Mathematical Society. Moore, who proposed that there be no
break between the mathematics courses, urged that mathematics be taught as a
relationship between algebra, geometry, and physics. John Dewey agreed with Perry in
that he insisted there should be no abrupt transition between introductory geometry,
inductive geometry, and deductive geometry. In other words, mathematics should be
taught interchangeably. Dewey was a great proponent of teaching children by using their
life experiences and intermingling them with all learning. Education should be a
continuous process with no subjects isolated from each other (Dewey, 1900).
In the late nineteenth and early twentieth centuries, algebra was taught as a
requirement for entrance into college and a tool for geometry. Many people believed it
had no practical value and had no purpose in practical thinking. Most of the algebra
textbooks written in this period combined the development of algebra from the simplest
concepts through the more complex elements of algebra in one textbook. Many of the
mathematics teachers complained that the algebra textbooks were too hard and
standardized and did not teach for understanding. However, many of these same teachers
taught exclusively from the textbook and did not incorporate other methods of delivery
into their classroom (NCTM, 1970).
After the Civil War, geometry was moved from the college level curriculum to the
high school level. Educators attempted to introduce geometry in elementary school.
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However, proofs of theorems could not be placed in the elementary school curriculum.
Most of the geometry texts started with proving theorems almost immediately.
Fortunately, many of the proofs had to be original proofs created by the student. Proving
theorems provided the student with a means to think logically through a solution to a
problem. The study of solid geometry was not incorporated with the study of plane
geometry. Since proving theorems required much writing, the study of geometry was
considered an interdisciplinary subject (Jones, 1944).
The National Committee of Fifteen on the Geometry Syllabus was appointed in
1908 in conjunction with the American Federation of Teachers of the Mathematical and
Natural Sciences and the NEA. The committee, formed because of the increased failure
rates in geometry and algebra in high schools, suggested the use of more concrete
examples instead of a theoretical approach to the teaching of geometry. Geometry and
algebra were courses required to enter college. Many of these same issues were
discussed in the Report of the American Commissioners of the International Commission
on the Teaching of Mathematics published in 1912. The American committee noted that
there was a tendency in America to eliminate from the curriculum difficult formal proofs
in geometry. I. L. Kandel and R. C. Archibald did comparative studies of teachers
trained in mathematics abroad and in the United States. Archibald and Kandel found that
the teachers trained abroad were trained at much higher standards than the teachers
trained in America (International Commission on the Teaching of Mathematics, 1912).
The most influential committee formed to discuss the teaching of mathematics
before the Commission on Mathematics was the National Committee on Mathematical
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Requirements. The final report of the committee was published in 1923. The report. The
Reorganization of Mathematics in Secondary Education, stressed many of the ideas
mentioned above with the reduction of memorization of complicated proofs and theorems
in geometry to more emphasis placed on original proofs. The report indicated that a
general mathematics approach should be established in grades 7- 9 that would include
topics in algebra, geometry, trigonometry, and descriptive statistics. One entire chapter
of the report was devoted to the function concept (National Committee on Mathematical
Requirement, 1923).
In addition to valuable committees formed during the early twentieth century,
many organizations were focused on promoting mathematics education and teacher
training in mathematics. The Mathematics Association of America (MAA) was founded
in 1915, the National Council of Teachers of Mathematics (NCTM) in 1920, and the
Chicago Men's Mathematics Club (Reeve, 1945). Local and state organizations were
established to foster the need for better mathematics education in the schools. Many
mathematicians from several united to create the National Committee on Mathematical
Requirements. Although most of the committee members were mathematicians, they
were very much interested in the teaching of mathematics.
In the early twentieth century, three distinct patterns emerged in what courses
future teachers should take in college to prepare them for teaching mathematics—pure
mathematics courses, applied mathematics courses, and mathematical pedagogical
training courses. The normal school leaned heavily on a liberal arts education thus
limiting severely the number of mathematics courses a student should take. The liberal
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arts colleges and universities did very little differently from the normal schools with the
exception of adding on to the course of study methodology classes in teaching. At the
fourth International Congress of Mathematicians in Rome in 1908, the International
Committee on the Teaching of Mathematics was appointed. This committee was broken
down into several subcommittees, one of which was on the teaching of mathematics in
the secondary and elementary schools in the United States. In its report, the committee
stated that future mathematics teachers should take a pure mathematics course that
included number theory, group theory, theory of equations, theory of functions and
curves. On the applied side, future teachers should take mechanics, theoretical and
practical astronomy, descriptive geometry, and mathematical physics. As for
pedagogical training, the future teacher should be well grounded in the history of
mathematics and education and in psychology. The student should observe the teaching
of mathematics in a classroom and should take a course in elementary mathematics to see
this mathematics from a higher point. The report stated, "Such a preparation may at first
seem excessive, but it is the ideal, and, with the exception of about half of the pedagogic
training outlines, it is no more severe than the requirements in France today for the
secondary teaching license known as aggregation" (International Committee on the
Teaching of Mathematic, 1911, p. 22).
During the period between 1920 and 1945, several committees were formed to
study the preparation of teachers to teach mathematics. In 1933, The MAA authorized the
Commission on the Training and Utilization of Advanced Students of Mathematics. The
NCTM and the MAA appointed a Joint Commission on the Place of Mathematics in
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Secondary Education that published a report in 1940. The publication, actually the
Fifteenth Yearbook of the NCTM, recommended a similar course of study as the
International Committee (NCTM, 1940).
World War II intensified the need to have qualified mathematics teachers in the
elementary and secondary schools. Recruits could not handle the technical demands made
on them because of their lack of skill in even basic arithmetic. Leaders in elementary
education surmised that future elementary school teachers needed to take more
mathematics courses to become proficient in the teaching of mathematics.
Because of the increase in junior high schools during the period from 1920-1945,
the focus was put on elementary schools to prepare students for junior high mathematics.
The greatest concern was not with what to teach in elementary schools but when and how
to present arithmetic concepts agreed upon by the different committees formed to study
such problems. The central issues were the following:
(1) the readiness of youngsters to learn mathematical ideas and
manipulative skills, (2) the postponement of instruction in arithmetic based
on an assumed lack of readiness, (3) the dependence upon incidental
learning of mathematics mainly via projects, (4) a new psychologically
based stress on teaching for meaning and understanding, and (5) the role
of drill. (NCTM, 1970, p.48)
Later in the period between 1920-1945, William A. Brownell purported the need
for students to be able to "think" rather than simply memorize dozens of arithmetic facts.
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He did not espouse Gestalt psychology as such although his theories were closely related
to it. Brownell said that students should be able to analyze real or described quantitative
situations and not merely memorize procedures to solve problems. Furthermore,
Brownell recommended that students should not be taught a skill until they were ready to
learn it. This idea led to studies of what mathematics content should be taught in
elementary schools as well as junior high schools. Incidental learning became a new
teaching technique of teaching arithmetic in which students were to learn numbers
through incidental experience rather than rote drill (Brownell, 1941).
Naturally, not everyone in education agreed on any one "correct" way of teaching
arithmetic. In 1945, the Commission on Post-War of the NCTM reported on the
following "theses" that were directed toward development and readiness of mathematics
learning:
Thesis 3. We must conceive of arithmetic as having both a mathematical
aim and a social aim.
Thesis 4. We must give more emphasis and more careful attention to the
development of meanings.
Thesis 5. We must abandon the idea that arithmetic can be taught
incidentally or informally.
Thesis 6. We must realize that readiness for learning arithmetical ideas
and skills is primarily the product of relevant experience, not the effect of
merely becoming older.
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Thesis 7. We must learn to administer drill (repetitive practice) much
more wisely (Commission on Post War Plans, 1945, pp. 197-203).
The Joint Commission to Study the Place of Mathematics in Secondary Education
prepared a report in 1940 that included what mathematics courses students should take in
college to prepare them for teaching mathematics in secondary school and in junior
college. The Commission recommended that potential high school teachers take college
algebra, analytic geometry, calculus, a survey course of Euclidean geometry as well as
other geometries, history of mathematics, theory of equations, modem algebra, science
courses, and a math methods course. An experienced teacher who was well versed in
mathematics should teach the methods course. By the end of 1944, the colleges were in a
heated debate as to what mathematics courses, if any, the students should take while
enrolled in college. The mathematics requirements for entrance into the colleges had
become very small and some colleges required no mathematics courses at all to complete
a degree. Therefore, in many cases, potential teachers of mathematics were not well
trained to teach the subject (Commission on Post War Plans, 1944).
The first report from this committee on teacher training was published in 1946.
Throughout the 1940s, mathematics educators tried to ensure functional competence of
the students who were high school graduates. Functional competence was not enough to
fulfill the mathematical requirements of the developing scientific society that was
emerging after World War II. Highly trained people with mathematical abilities were
needed in many fields of work such as business and industry, government, engineering,
and skilled trade.
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During the early 1940s, teaching arithmetic was a social as well as a mathematical
phase. Leo J. Brueckner wrote in the Sixteenth Yearbook of the NCTM:
[In the preliminary report of the Committee on Arithmetic] the Committee
took the stand that "the functions of instruction in arithmetic are to teach
the nature and use of the number system in the affairs of daily life and to
help the learner to utilize quantitative procedures effectively in the
achievement of his purposes and those of the social order of which he is a
part." This point of view recognizes two major mutually related and
interdependent phases of instruction in arithmetic, namely, the
mathematical phase and the social phase. Full recognition of both phases
is essential. Emphasis on the social phase to the neglect of the
mathematical phase will not develop in the pupils the quantitative
concepts, understandings, and insights that should be the outcomes of a
well-rounded program of instruction in arithmetic. On the other hand,
emphasis on the mathematical phase to the neglect of the social phase will
not lead the learner to sense completely the social significance of number
in the institutions and affairs of daily life. (Brueckner , 1941)
Unfortunately, colleges and universities complained that freshmen had poor
computational skills, could only do geometrical proofs, had inadequate concept
knowledge, and could not use mathematics to solve application problems. Mathematics
educators advocated that students who understood the concepts of mathematics could use
the concepts to solve application problems. Students who were competent in these four
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areas could solve application problems presented to them. Students had to be cognizant
of mathematical theory in order to know what type of mathematics was needed for
solving a particular application problem. This fact became painfully evident during
World War II when people were forced to think through problems using mathematics that
they had never been taught. Therefore, "new mathematics" had to be taught in the
schools. Teaching for understanding became a priority in mathematics education in the
1950s.
Before 1950, little consideration was given to the superior student in high school.
A joint study by three eastern universities and high schools recommended that less time
be spent on solid geometry and logarithms in the high school, thus allowing more time to
be spent on calculus and analytic geometry or probability and statistics by the advanced
mathematics student. In 1955, the Committee on Advanced Placement of the College
Entrance Examination Board (CEEB) assumed responsibility for implementing advanced
programs of study and administering advanced placement tests for analytic geometry and
calculus. The Advanced Placement Program of the CEEB is still in place in our schools
today.
One of the more interesting reports on teacher preparation was the Committee on
the Undergraduate Program in Mathematics (CUPM) in 1961. The report was revised in
1964 and 1966. The CUPM report recommended different preparations for teaching
different levels of mathematics. Prospective elementary teachers should take a twocourse sequence in the real numbers system and its subsystems; a course in algebra; and a
course in informal geometry as their minimum requirements for obtaining a teaching
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degree. Subsequent levels required more mathematics courses as the levels of
competency rose (NCTM, 1970).
Colleges and universities had to continually revise their teacher training programs
to meet the growing demands of technology and science. Unfortunately, throughout the
later twentieth century, colleges and universities could not provide enough qualified
mathematics teachers to meet the increasing requirements for mathematics courses
needed to graduate from high school. Many forces were at play throughout the twentieth
century that led to the shortage of qualified mathematics teachers.
Forces that Led to Reform in Mathematics Education throughout the Nineteenth
and Twentieth Centuries
Prior to the late nineteenth century, most politicians and citizens considered
education to be very important for all children. However, because of westward
expansion, conflicts among states, and social issues, education for all students was
virtually impossible. Families and small communities had to depend on local schools or
home schooling to educate the children. During the late nineteenth century and early
twentieth centuries, exploding populations of school age children and the need for better
educated citizens forced politicians and existing educators to provide an education for all
children. Mathematics education was beginning to be influenced by psychological
research that called for mental discipline and intuitive approaches to content.
Because schools were not teaching the same curriculum and students were not
adequately prepared for college or the work place when they completed high school, the
National Education Association (NEA) appointed a Committee of Ten on the Secondary
School Studies to report what needed to be taught in secondary schools. The Committee
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of Ten was important in the history of education in that it opened the way for looking at
innovative ways of modifying the thought that mental discipline should be taught only in
the mathematics curriculum. The committee found that the elementary school curriculum
was inadequately preparing students for secondary school. Arithmetic should be
completed by grade eight with algebra and geometry introduced in the upper elementary
grades (NCTM, 1970).
The unified character of mathematics was a modification of the suggestions from
the Committee of Ten. The CEEB suggested that geometry, algebra, and trigonometry be
studied together with science. Geometry and algebra should not be studied as if they
were separate courses. At the turn of the century, many science and mathematics
teachers thought teaching mathematics with science was a very good teaching strategy.
However, many science educators did not share the ideas of the unified mathematics
movement. The science community argued that too much mathematics was being taught
in physics. Mathematics educators who liked the idea of mathematics and science as
integrated subjects thought of mathematics as a science. Even today, integrating the
teaching of mathematics and science has strong proponents.
In 1916, the Mathematics Association of America formed the National Committee
on Mathematical Requirements (NCMR). The reports from this committee were
collectively known as The 1923 Report. This report had five major areas of impact:
First, the report contained a careful attempt to define and defend the
purpose of mathematics in secondary education. Second, the concept of
mental discipline as a psychological basis for curriculum organization was
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rejected in favor of the more sophisticated idea of transfer, although a
theoretical construct of transfer was not defined and accepted in the report.
Next, the function concept was recognized as "the one great idea which is
best adapted to unify the course." Fourth, the committee stated content
requirements for college entrance which were accepted and used by the
College Entrance Examination Board. Finally, model curricula were
offered, not only those suggested by the committee but also descriptions of
experimental work in the United States and of the curricula of foreign
countries. (NCTM, 1970, p. 202)
During this period, mathematics that was taught in the high schools was simply to
prepare students to meet the requirements for entering college. However, it became
apparent that there was a definite need to teach mathematics to non-college bound
students as well. As in the past years, the vast majority of jobs in America today require
vocational educational training. The vocational schools have begun to be known as
vocational colleges simply because the majority of parents want their children to go to
college. Yet, most of the jobs available to students today who complete secondary school
do not require a "four-year" college degree (Most students enrolled in colleges and
universities today who are seeking a BA or a BS degree do not complete the requirements
for these degrees in four years.) Therefore, two main questions for mathematics
educators in the late nineteenth century as well as the twenty-first century are the
following: What are the goals of high school mathematics education and how can the
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school adapt to the varied needs, backgrounds, interests, and abilities of its students?
(Huetinck & Munshin, 2000)
The student population increased dramatically between 1920 and 1945.
Mathematics taught in secondary schools was not satisfactory or of any use to the general
public. Therefore, a decline in enrollment in mathematics courses continued throughout
the period between 1920 and 1945. Due to the lack of jobs, the Great Depression caused
many more people to attend. However, money was scarce to pay teachers and certainly
no money was used to implement new mathematics programs.

Furthermore, World War

II deterred any further reform in secondary school mathematics.
In the early 1920s, the junior high school came into being to meet the needs of the
early adolescent. The 8-4 program- eight years of elementary school and four years of
secondary school- did not take into consideration the individual differences of the
students nor did it contemplate the changing physical and mental needs of the early
adolescent. The junior high school provided a means by which algebra and geometry
could be taught at an earlier age by integrating the two subjects over several years. The
phrase "general mathematics" was used to denote the continuation of the integration of
mathematical subjects from junior high school through secondary school. However,
depending on the geographical location, students were taught different mathematics
courses as general mathematics. Students in the New England area tended to take more
mathematics courses in secondary school than students in the more rural mountainous
areas of the United States. Often, arithmetic was included in general mathematics. In the
early 1920s, the number of students taking algebra in the ninth grade declined from 40.15

117
percent to 35.22 percent. Because of the recommendations by the National Committee
on Mathematical Requirements, enrollment in mathematics courses began to increase in
1932. However, as stated earlier, all students could not take the same mathematics
courses whether they were going to college or not.
. . . "there appears to be no conflict of interest during this period between
those pupils who ultimately go to college and those who do not" has not
worked out in practice to the extent that they feel able to offer a single
course in the ninth grade that will meet the demands of both groups. (Lide,
E., 1933, as cited in NCTM, 1970, pp.52-53)
Failure rates of students who were taking algebra in the ninth grade began to
climb. Secondary schools were blaming the junior high schools for not preparing the
students to take algebra. Several reasons for the lack of preparation of students in
mathematics included lack of trained teachers who could teach mathematics in junior
high school, lack of communication between the teachers in secondary schools and junior
high schools, and the lack of continuation in instruction between the two schools. During
the Depression, college attendance decreased dramatically, thus voiding the need for
college preparatory mathematics. In fact, mathematics was considered an elective subject
in secondary schools. The Joint Commission to Study the Place of Mathematics in
Secondary Education was formed in 1935 from committees from NCTM and the MAA.
A report by the committee. The Place of Mathematics in Secondary Education, suggested
there should be two tracks of mathematics taught in secondary school. One proposed
track would be that algebra and geometry be taught in the ninth and tenth grades followed
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by a combination of algebra and trigonometry taught in the eleventh grade with a study of
analytic geometry and calculus in the twelfth grade.
An alternate proposal called for a general mathematics course to be taught in the
ninth grade that would include arithmetic along with some geometry and trigonometry.
An applications based geometry course would follow in the tenth grade. Intermediate
algebra was proposed for the eleventh grade followed by a choice of two mathematics
courses in the twelfth grade. The twelfth grade offerings were trigonometry, solid
geometry, social-economic arithmetic, and college algebra. The report by the Joint
Commission emphasized a spiraling approach to mathematics that started with number
and computation and progressed through stages to symbolic representation and thinking.
A second report by the Joint Committee, which came out in 1940, dealt with the
issues and influences of teaching mathematics in the 1930s. The philosophy-psychology
proponents of education suggested that mathematics should be taught to fulfill a need in
the student when the student was ready to learn mathematics. Courses such as consumer
mathematics and business mathematics fulfilled students' needs better than higher-level
mathematics courses required for entrance into college. A committee from the
Progressive Education Association gave a report in 1940, Mathematics in General
Education, that stated the following:
Changes in mathematics instruction have not kept pace with the changing
interests and concerns of the student body or with emerging conceptions
of the proper aims and purposes of secondary education. The teacher has
been made increasingly aware of the inappropriateness of traditional
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courses by the indifference of many students to the subject, or their
outspoken dislike for it. (Committee on the Function of Mathematics in
General Education of the Commission on the Secondary School
Curriculum of the Progressive Education Association, 1940, as cited in
NCTM, 1970, p. 56)
The above statement may have been the result of a poll taken by Fortune
magazine that said mathematics was both the most liked and disliked subject taken in
school. The report by the PEA further stated:
...The teacher of mathematics bears the responsibility of equipping
students to solve problems with the aid of mathematical concepts and
methods as they seek to meet their needs throughout life. In this process
he also has the responsibility of throwing light on the nature of problem
solving. (Committee on the Function of Mathematics in General Education
of the Commission on the Secondary School Curriculum of the
Progressive Education Association, 1940, as cited in NCTM, 1970, p.57)
The report emphasized that problem solving skills be used at all levels of
mathematics. "The report listed (1) formation and solution, (2) data, (3) approximation,
(4) function, (5) operation, (6) proof, and (7) symbolism as the concepts that both enter
into problem solving and play a unifying role in mathematics" (Committee on the
Function of Mathematics in General Education of the Commission on the Secondary
School Curriculum of the Progressive Education Association, 1940, as cited in NCTM,
1970, p.57).
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Before World War II began, mathematics education was on the defensive. Many
perceived the mathematics courses taught in the secondary schools were not preparing
students for real life situations. E. T. Bell wrote in the American Mathematical Monthly
in 1935:
"...anyone but an indurated bigot must admit that mathematics has not yet
made out a compelling case for democratic support, so that the men and
women who pay the bills which make mathematics possible can see clearly
what they are asked to pay for [italics added]. This must be done, and
immediately, if mathematics is to survive in America. (Bell, 1935, p.559)
Another critic of mathematics education, William Betz described in 1940 some factors
contributing to the very poor status of mathematics education in the Mathematics
Teacher.
(1) a general unawareness of the tremendous significance of mathematics
in the modem world;... (3) mechanistic and hence ineffective methods of
teaching in primary arithmetic, leading recently to such futile attempts at
correction as "stepping up" the entire subject;... (5) the doctrines of
"progressive education," with their emphasis on immediate experience,
individual interests and "felt needs," and their disregard of race experience
and sequential learning;... (7) the problem of mass education, with the
resulting attempts at "adaptation" to individual needs and interests,... (9) a
narrowly specific and hence inadequate training of secondary teachers;
(10) the uncertain economic outlook, with a resulting aimlessness and
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lack of enthusiasm among millions of our young people. (Betz, 1940, p.
340)
Although the United States did not enter World War II until 1941, the AMS and
the MAA appointed a joint committee for war preparedness (Morse & Hart, 1941, p.201).
Admiral Nimitz stated that Navy volunteers were not prepared in mathematics to be
officers in the Navy. In 1942, the U. S. Office of Education and the president of NCTM
appointed a committee to find a way to prepare students for induction into the Armed
Forces. Subsequently, the report from the committee, "Pre-Induction Courses in
Mathematics," was printed in the Mathematics Teacher. Analysis of training manuals led
educators to discover that the mathematics required of recruits was simple mathematics
taught in secondary schools. NCTM responded to the need of mathematics training for
recruits by publishing "Essential Mathematics for Minimum Army Needs" in 1943
(Commission of Civilian Pre-Induction Training Branch, 1943).
The war boosted the need for students to enroll in mathematics courses in
secondary school and junior college. Educators did not want to return to the pre-war
status of mathematics education that created a shortage of qualified men to operate
missiles and technical weapons. In 1944, The Commission on Post-War Plans, formed by
NCTM, emphasized the need for better training of teachers in mathematics at all levels of
education.
Although the junior college was established about the same time as the junior
high school, it was initially thought of as a school that contained the first two years of
college. However, after the war, the junior college began to offer terminal programs in
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vocational areas as well as courses offered at four-year colleges. The need for general
mathematics courses became apparent when many of the soldiers who took advantage of
the "GI Bill" began to attend junior colleges. The Commission on Post-War Plans
studied the problems of what subjects to teach at the junior college level in all subjects.
General education became a major concern of the time (Commission on Post-War Plans,
1944).
In the years from 1945-1968, many problems arose concerning mathematics
taught in the secondary schools (Davis, 1967). The College Entrance Examination Board
(CEEB) was constantly faced with two main dilemmas. If it changed the exam that was
used to enter college, it was accused of changing curricula for the high schools. If it did
not change the exam, it was accused of being stagnated and not progressive. Because of
the perception of trying to control curricula in the schools, CEEB established a
Commission on Mathematics that was composed of college mathematics professors, high
school mathematics teachers, and teachers of teachers of mathematics. The Report of the
Commission on Mathematics was not formally published until 1959 although it was
widely circulated before that time. The Commission made recommendations
encapsulated in a nine-point program concerning the mathematics taught in the high
school. This program emphasized the following:
a balanced preparation in concepts and skill, deductive reasoning
throughout high school, the display and use of mathematical structure,
correlation of equalities and inequalities, stressing of unifying ideas in
mathematics such as set and function, and special suggestions for
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reorganizing geometry, trigonometry, and twelfth-year mathematics.
(NCTM, 1970, p.73)
In 1958, the School Mathematics Study Group (SMSG) evolved from two
conferences sponsored by the National Science Foundation (NSF). The group was
formed to study mathematics curricula and make recommendations on how it should be
implemented in the secondary schools. Edward G. Begle of Yale University accepted the
job of heading this group. The first advisory group was composed of twenty-six people
from all segments of mathematics teaching that included college professors of
mathematics, high school teachers of mathematics, teachers from experimental programs,
NCTM, and the Commission on Mathematics. Furthermore, the first major problem
facing this group was putting together a group of people to write standards and objectives
for mathematics curriculum. Forty-five people agreed to participate in the writing
session at Yale University in 1958 — twenty-one from colleges, twenty-one from
secondary schools, and three from other sources. Outlines in mathematics curriculum
were produced by this group for grades nine through twelve as well as thirteen units for
grades seven and eight. SMSG produced many more materials that were useful to
mathematics teachers in kindergarten through twelfth grades that continues through
present day.
During the 1950s, there was neither a consensus on what mathematics courses
should be taught in the high school nor how mathematics should be taught. William
Wooten, a noted critic of SMSG, criticized the committee for disregarding the traditional
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subject matter in mathematics as not keeping up with the times. Wooten stated in SMSG:
The Making of a Curriculum (1965) about SMSG:
In their opinion there was undue emphasis being placed on skills, an
unnecessary preoccupation with the immediate usefulness of what was
taught, and an unfortunate distortion of the students' ideas as to the nature
of mathematics. They believed that these things were actually dangerous
to the future welfare of the country... If blame has to be placed
somewhere, perhaps it should be placed on the research mathematicians of
the country who, as a group, abandoned any interest in high school
mathematics or the training of teachers of high school mathematics in
favor of concentrating entirely on research. But blaming them would not
seem wholly justified either. (Wooten, 1965, p. 5)
Professor Begle, director of SMSG, defends the work of his group in preparing
textbooks from the recommendations of the study group. The CEEB Commission on
Mathematics recommended that statistics be added to the high school curriculum.
Therefore, SMSG prepared a statistics textbook that followed the recommendations of the
Committee. Begle stated in an article written for Mathematical Education in the
Americas (1963):
This text is of historical importance. It was prepared by a group of authors
consisting of both research mathematicians and classroom teachers, and
therefore demonstrated that such a group could not only agree on
recommendations for the high school curriculum, but could also work
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together successfully on the preparation of such texts for the high school.
The enthusiastic reception which this text received,. .. demonstrated that
a recommendation accompanied by text materials which present the
recommendations in complete detail, had a much better chance of being
accepted quickly and widely than would recommendations alone. ( Begle,
1963, p.139)
Furthermore, the University of Illinois Committee on School Mathematics
(UICSM) was a very influential committee on secondary school mathematics during the
1950s. UICSM developed materials to be used in teaching mathematics in high school.
However, the committee required potential teachers of its program of study to be trained
in the use of materials that accompanied the mathematics program of study. Professor
Max Beberman, director of UICSM, described the philosophy of the committee in the
Inglis Lecture in 1958:
We believe that a student will come to understand mathematics when his
textbook and teacher use unambiguous language and when he is enabled
to discover generalizations by himself. (Beberman, 1958, p.4)
Beberman continued in his lecture:
It is important to point out here that it is unnecessary to require a student
to verbalize his discovery to determine whether he is aware of a rule. The
teacher can use a sequence of questions to determine whether awareness is
present. In fact, immediate verbalization has the obvious disadvantage of
giving the game away to other students, as well as the more serious
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disadvantage of compelling the student to make a statement when he may
not have the linguistic capacity to do so. (Beberman, 1958, p.4)
UICSM continues to develop materials for teaching mathematics. It has
developed materials for elementary school mathematics as well as secondary
mathematics. The focus of the study shifted from developing materials exclusively for
college preparatory students to include materials for lower achieving students.
Reform in Elementary School Mathematics from 1945-1968
Following World War II, as stated above, mathematics education was extremely
inadequate as evidenced by the lack of preparation in mathematics of the recruits who
entered military service. Mathematicians and educators surmised that mathematics
education had to change and the change had to begin in the elementary schools. NSF
implemented summer institutes for teachers as well as on-the-job training by working
with mathematics supervisors. The mathematics content of materials used in elementary
schools was carefully scrutinized. Other mathematics initiatives were formed such as the
University of Illinois Arithmetic Project created by The University of Illinois Committee
on School Mathematics (UICSM) in 1958, The Greater Cleveland Mathematics Program
in 1959, and the Panel on Elementary School Mathematics established by SMSG (Marlin,
1962, p. 476).
Although the initiatives listed above were worthwhile projects, the problems
remained the same: How was mathematics going to be taught in the elementary schools
and how were teachers going to be trained to teach the mathematics to be taught? The
commercial texts and materials developed by publishing companies did not seem to be
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having the desired effect on the understanding and appreciation of mathematics by the
elementary students. By the end of the 1960s, the forces of society and public demand
had changed the mathematics content in the elementary schools. The Cambridge Report
(1967) stated that although many committees and conferences were held to discuss the
mathematics content in elementary school curriculum, the mathematics content and
instruction of the content did not necessarily improve in the classroom.
Furthermore, by the mid-sixties, educators recognized the fact that content alone
would not solve the problem of mathematics instruction in the elementary school. A
variety of methods of delivery had to be implemented in order to keep pace with
technology and the changing school population. Teachers were encouraged to use
manipulatives in their classrooms. Other new approaches to teaching mathematics were
implemented in the late sixties such as programmed learning, individualized instruction,
and mathematics laboratories. Integration among the subject areas was encouraged
(Report of the Cambridge Conference on the Correlation of Science and Mathematics in
the Schools, 1969). Mathematics content usually taught in junior high school was added
to the elementary school curriculum. Experimentation with discovery learning was
strongly encouraged (Shulman & Keislar, 1966). Spiraling of the mathematics
curriculum was discussed extensively in committees and conferences at the end of this
decade.
Reactions to Changes in Mathematics Curriculum
By 1962, SMSG textbooks and teaching materials were used extensively in
elementary, junior high, and secondary schools. Most mathematicians and mathematics
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educators were pleased with the mathematics reform movement. However, critics of the
mathematics reform movement were very vocal. In 1961, Morris Kline of New York
University wrote an article in the October publication of the New York University Alumni
News. Kline insisted that mathematics curriculum had never been outmoded. The
delivery of the subject was what needed changing. He stated: ... " 'These teachers must
not only be better informed in mathematics, but they must also acquire a far better idea of
why mathematics is important, why particular topics in mathematics are taken up, and
what values mathematics offers to our civilization and culture' " (Kline, 1961, as cited in
NCTM, 1970, p. 82).
In 1962, a group of mathematicians published an extensive list of objections to the
reform movement. Paul Elicker, executive secretary emeritus of the National Association
of Secondary School Principals, criticized SMSG of trying to set up a national
mathematics curriculum thus relinquishing any state and local control. He went so far as
to write congressmen to stop any federal funding to SMSG.
The critics of mathematics reform reiterate the point that no matter whether there
is a resounding cry for mathematics reform or a desire to keep the status quo, people are
not going to agree on what is correct for their schools (Moise, 1962). Although there was
much disagreement concerning reform, both groups agreed on some strategic points. No
group advocated a national curriculum or wanted students to produce sloppy, inaccurate
proofs that resulted in very little real mathematics thinking. Both groups agreed that
students should progress from the concrete to the abstract and from particular to general.
Both groups agreed that mathematics intuition should be fostered.
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Psychological and Educational Theory Influences on Mathematics Reform
During the period after World War II, theories of learning abounded in education.
Although many of Jean Piaget's works were not translated until 1948, his work in
learning theory influenced American texts especially in approaches to numerical,
geometrical, and logical ideas in the teaching of mathematics (Piaget, 1952).
Additionally, Robert M. Gagne, a noted psychologist, proposed that learning takes place
in hierarchies of principles and concepts. His theory also purports that instruction plays a
very important role in learning. According to his theory, the two highest levels of
learning are principle learning and problem solving. Principle learning is based on the
student's learning concepts from verbal instruction. Problem solving takes place with
little verbal instruction where the student can solve the problem based on prior
knowledge of learned principles (Gagne, 1977).
Another well-known psychologist of the time, Jerome Bruner, often used
mathematical examples in his general works to illustrate his theories of learning. In his
book. The Process of Education, Bruner stresses five themes for learning: structure,
...understanding, readiness for learning (which, however, he believes calls
for earlier and spiraled teaching rather than for postponement), the nature
of intuition ('the intellectual technique of arriving at plausible but tentative
formulations'), and the desire to learn, including ways of stimulating this
desire. He believes that 'interest in the material to be learned is the best
stimulus to learning rather than such external goals as grades or
competitive advantage'. (Bruner, 1960, pp.11-14)
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A proponent of discovery learning, Bruner believed discovery learning would be
too time consuming if it were used to teach every concept that students must learn in
mathematics.
One who opposed discovery learning in secondary schools was David Ausubel of
the University of Illinois. He believed that students in secondary schools and in college
mathematics should be taught by verbal exposition supplemented by appropriate problem
solving experiences. However, he did believe discovery learning was invaluable in preadolescent learning (Ausubel, 1961).
Johann Herbart, a noted psychologist in the late nineteenth and early twentieth
centuries, said that instruction should be organized in four steps: "(1) preparation, (2)
presentation, (3) comparison and abstraction, and (4) generalization" (Monroe, 1917, as
cited in NCTM, 1970, p. 115). Because of Herbart's theories, inductive reasoning
became popular during this period. Conversely, Thomdike, as part of his stimulusresponse theory, believed in exercise and repetition in order for the brain to make the
connection between the stimulus and the learning of the objective. John Dewey, on the
other hand, believed mathematics should be taught for its esthetic value as well as its
functional value.
Throughout the following decades until the late 1960s, psychologists,
mathematicians, and educators continued to meet and discuss how mathematics should be
taught in schools, particularly in the elementary classroom. Although they did not always
agree, the psychologists such as Gagne, Bruner, Piaget, and Suppes contributed much to
the elementary program. There was certainly a vast difference between the material used
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to teach mathematics in the elementary school before 1952 and the late sixties. Actually,
the following statement applies today as well as in 1970:
However, there is considerable evidence to indicate that until teachers,
parents, and school personnel understand more clearly the improvements
that have been wrought through major innovative efforts, and until
expectations, texts, and curriculum guides represent these improvements,
the learner may still benefit only partially from the best that we know
about the teaching and learning of mathematics in the elementary school.
(NCTM, 1970, p. 145)
Although much of the reform movement in mathematics was intended for the
college bound student, reform affected all levels of mathematics education. The major
reform programs of the fifties and sixties were (1) The Boston College Mathematics
Institute; (2) The Greater Cleveland Mathematics Program; (3) The Syracuse UniversityWebster College Madison Project; (4) The University of Maryland Mathematics Project;
(5) The Ontario Mathematics Commission; (6) The School Mathematics Study Group;
(7) The Development Project in Secondary Mathematics at Southern Illinois University;
and (8)The University of Illinois Committee on School Mathematics. All of these
programs provided materials for secondary education. However, programs 2 and 3
concentrated their efforts on elementary education (NCTM, 1970). Lucien B. Kinney
criticized the reform projects as disregarding the purposes of secondary education,
neglecting the important concomitant outcomes, and neglecting the differential needs of
various pupil groups (Kinney, 1952).
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Kinney's criticisms of the reform movement were nothing new. The same
problems in mathematics curriculum have been in existence for generations. Little did
they know that the same problems were going to be plaguing mathematics educators in
the twenty-first century. In the following section, I will discuss mathematics education
from the 1970s through the beginning of the twenty-first century.
Mathematics Education from Nineteen Seventy Through the Beginning of
the Twenty-First Century
Many social changes as well as the Vietnam War had major effects on education
in the late 1960s and the early 1970s. Protests about the war were prevalent. Racial riots
were a common occurrence. Everyone seemed to be in a constant state of tension.
Integration in the schools and forced busing were only two of the major impacts on
education. When the Vietnam War finally ended in 1972, soldiers came home to
experience protests and disappointment. Although educators tried to keep the focus of
education on learning, the expectations of teachers, educators, students, and parents
began to decline. I remember this vividly. I could no longer teach as many topics in
nineteen eighty as I taught in the early seventies in my mathematics classes. I boasted to
my Algebra 2 students in the early seventies that if they received at least a grade of B in
my class, they would be able to exempt college algebra when they attended classes. By
nineteen eighty, I could not make that claim because I could not cover enough material in
the Algebra 2 classes in order for the students to be able to exempt college algebra.
Apparently, I was not the only one who was making this observation. In 1981,
Secretary of Education T. H. Bell created the National Committee on Excellence in
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Education that was to make a report to the Nation on the quality of education in the
United States. The Committee was charged with the following assignments:
• assessing the quality of teaching and learning in our Nation's
public and private schools, colleges, and universities;
• comparing American schools and colleges with those of other
advanced nations;
• studying the relationship between college admissions requirements
and student achievement in high school;
• identifying educational programs which result in notable student
success in college;
• assessing the degree to which major social and educational
changes in the last quarter century have affected student
achievement;
• defining problems which must be faced and overcome if we are
successfully to pursue the course of excellence in education. ( A
Nation at Risk, 1983, pp.4-5)
The Commission relied on papers from experts on educational topics, consulted
with administrators, teachers, students, representatives from professional and public
groups, parents, business leaders, public officials, and scholars, studied existing analyses
of problems in education, examined letters from concerned citizens, teachers, and
administrators on problems in education, and accepted descriptions of notable programs
and promising approaches in education. The Committee published its report eighteen
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months later. The following quote from the Committee expressed what I was feeling at
the time:
If an unfriendly foreign power had attempted to impose on America the
mediocre education performance that exists today, we might well have
viewed it as an act of war. As it stands, we have allowed this to happen to
ourselves. We have even squandered the gains in student achievement
made in the wake of the Sputnik challenge. Moreover, we have
dismantled essential support systems which helped make those gains
possible. We have, in effect, been committing an act of unthinking,
unilateral educational disarmament. (A Nation at Risk, 1983, p.6)
The report to the Secretary of Education was a scathing announcement on the
state of education in the 1980s. Some of the findings of the report included the
following:
• Average achievement of high school students on most
standardized tests was lower than 26 years ago when Sputnik was
launched.
• Over half the population of gifted students do not match their
tested ability with comparable achievement in school.
• Many 17-year-olds do not possess the "higher order" intellectual
skills we should expect of them. Nearly 40 percent cannot draw
inferences from written material; only one-fifth can write a
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persuasive essay; and only one-third can solve a mathematics
problem requiring several steps.
•

Between 1975 and 1980, remedial mathematics courses in public
4-year colleges increased by 72 percent and now constitute onequarter of all mathematics courses taught in those institutions. (A
Nation at Risk, 1983, pp. 7-8)

The findings listed above are just a few of the many deficiencies the Committee
found in our education system. Naturally, the scope of technology has completely
surpassed the predictions of the Committee for the twenty-first century. The Committee
further stated that the average student who graduated from the colleges and universities
was not as well educated as students who graduated twenty-five or thirty years ago (A
Nation at Risk, 1983).
Needless to say, the report by this Committee had a tremendous impact on the
government's perception of the inadequacies of education in the United States.
Unfortunately, the report must have fallen on deaf ears in the education community
because very little has changed in education since this report was published. Again, I
will comment considerably on this observation in the next chapter.
Furthermore, the National Council of Teachers of Mathematics established a
committee that published Curriculum and Evaluation Standards for School Mathematics
in 1989 as a direct result of^ Nation at Risk report. The committee, the Commission on
Standards for School Mathematics, was established by the Directors of NCTM and
charged with "creating a coherent vision of what it means to be mathematically literate
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both in a world that relies on calculators and computers to carry out mathematical
procedures and in a world where mathematics is rapidly growing and is extensively being
applied in diverse fields" (NCTM, 1989, p.l).
The NCTM standards of 1989 set social goals for mathematics education. These
goals included "(1) mathematically literate workers, (2) lifelong learning, (3) opportunity
for all, and (4) an informed electorate"(NCTM, 1989, p. 3). Goals for students included
the following:
(1) that they learn to value mathematics, (2) that they become confident in
their ability to do mathematics, (3) that they become mathematical
problem solvers, (4) that they learn to communicate mathematically,
and (5) that they learn to reason mathematically.(NCTM, 1989, p. 5)
The standards were published as a guide for mathematics education in our country.
Unfortunately, some educators and politicians took the standards as gospel, and
publishers immediately started publishing textbooks that followed the Standards
specifically. Curriculum leaders required schools to focus mathematics education only
on the standards set forth by NCTM.
NCTM published Professional Standards for Teaching Mathematics in 1991.
This volume focuses on standards for teaching mathematics; standards for the evaluation
of the teaching of mathematics; standards for the professional development of teachers of
mathematics; and standards for the support and development of mathematics teachers and
teaching (NCTM, 1991).
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In 1992, NCTM published another book on standards, Curriculum and Evaluation
Standards for School Mathematics Addenda Series, Grades 9-12 -- A Core Curriculum
Making Mathematics Count for Everyone which identifies a common core of
mathematical topics that all students should learn. Conceptual learning is emphasized
rather than memorization of isolated facts. A Core Curriculum reflects new
methodologies for teaching the new curriculum goals. It discusses different forms of
assessing student learning of mathematical concepts (NCTM, 1992). NCTM published
Assessment Standards for School Mathematics in 1995.
In 2000, NCTM published Principles and Standards for School Mathematics.
Again, this document was published as "a resource and guide for all who make decisions
that affect mathematics education of students in prekindergarten through grade 12"
(NCTM, 2000, p. ix). Principles and Standards is merely a focus for mathematics
curriculum in our schools.

Somewhat of a visionary document, it gives mathematics

educators and curriculum directors a framework on which to develop their mathematics
curriculum.
Unfortunately, as I stated earlier, many educators, curriculum directors, and
policy makers use this book as the curriculum guide for school mathematics. Naturally,
there are critics of the Principles and Standards. There are currently mathematics
educators who believe we should throw out all calculators and computers and make
students do all mathematics the "old fashion way." On the other hand, there are
mathematics educators who think students should be allowed to use calculators carte
blanche. Many mathematics educators are somewhere in between these two factions.
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In the next chapter, I discuss my impressions of what has happened to
mathematics education and what is happening now. With the implementation of President
Bush's No Child Left Behind Act (2001), educators are looking at all programs in
education, particularly standardized testing. Standardized testing is presently driving
most of the curricula in our schools. "Teaching for the test" has become a very important
issue for educators today. Unfortunately, how many students are being left behind
because of the No Child Left Behind Act? How does this act affect mathematics
education? What "act" will follow?

Chapter V
RECONCEPTUALIZING MATHEMATICS EDUCATION
Introduction
In Chapters II and III, I briefly reviewed the history of mathematics. While
researching the history of mathematics, I discovered that mathematics was subject studied
only by the elite and a select few of the populace in any particular country. A substantial
amount of our mathematics knowledge came from the Greeks. Although discoveries in
mathematics flourished in Greek civilization, many of the mathematicians during this era
were philosophers as well as mathematicians. Plato, Aristotle, and Pythagoras of Samos
were philosophers who believed in the beauty of mathematics. Where has that love of the
beauty of mathematics gone? Throughout ancient history, mathematics was seen by
many scholars as a subject to be revered and not simply as a tool that was used in the
study of astronomy and physics. Archimedes was fascinated with how things worked.
He was a great inventor who used his knowledge of mathematics and physics to improve
the life of Greek citizens. However, as Greek mathematics declined, mathematics
became a type of mysticism thus having very little practical value. In many ways, this
type of thinking is the way mathematics is viewed today. For many people, mathematics
is one of those subjects that we need to handle our daily affairs but not a subject to be
studied just for its beauty and insightfullness.
Later, during the Renaissance period, mathematics was again given the distinction
as a subject that was taught only to a select few and not to the masses. Naturally,
arithmetic was taught to citizens because being able to trade and barter demanded its use.
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Few people needed to leaxn higher level mathematics to function in society.
Again, in many ways, that is exactly the thinking in our world today. Some people only
need to know enough mathematics to count money. Mathematics education was not for
the masses. Even during the time that French mathematics was flourishing, the only
people studying pure mathematics were the elite. The common man did not study
mathematics. Nor do they study it today.
After the Europeans decided to explore and settle in the Americas, education took
on a new meaning. Education was the key to success in the new settlement in America.
However, mathematics education was no better off in America than it was in Europe. In
fact, many of the initial colleges and universities saw no need to teach mathematics as
part of their curriculum. Fortunately, as society's needs and demands became more
complicated, it became apparent that the study of mathematics had to become a part of
the curriculum in schools as well as courses of study in colleges and universities. The
Industrial Revolution and the advent of war caused the need for more mathematics to be
taught in the schools. However, just as it is today, no one could agree on what
mathematics was to be taught in the schools. Has anything really changed in
mathematics education for centuries? During the twentieth century, the Progressive
Education Society, the National Council of Teachers of Mathematics, the Mathematics
Association of America, and the College Entrance Examination Board, just to name a
few, could not agree on what mathematics should be taught in the schools and
universities. This is still very true today. As I stated earlier, I have been associated with
mathematics education for over three decades and the battle of what mathematics is to be
taught in our schools and universities is still raging. The mathematics requirements
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change from school to school, district to district, and university to university. Is this
wrong? In my opinion, it is not. However, what should be the minimum number of
mathematics courses required for teachers who are going to teach mathematics to our
children? Do all people need the same mathematics requirements to graduate from high
school and college?
While thinking about Pinar's definition of reconceptualization of curriculum, I
began to wonder if there could ever be a "definite" set of requirements in mathematics
that would suit the needs of all students. Do all students need to know algebra to survive
in our world today? The key word above is survive. Do we want our children to merely
survive in our world or do we want them to have the tools necessary to thrive and be
happy? Who is to say? Many curricular theorists such as Janet Miller (1986), William
Doll (1993), and Michael Apple (2001) have questioned what is happening in education.
In my experience in dealing with students for over three decades, students know less
mathematics today than they did thirty years ago. Students have certainly changed in
thirty years. Society has changed dramatically in the last thirty years. However,
education has not kept up with changes. The Tylerian model of teaching is still very
prevalent in our schools today. Our school leaders continue to espouse his "objective"
format. In mathematics, we must without fail list our objective in teaching a lesson. That
is the true focus of our lesson. Without the complete perfect lesson plan with a focused
learning objective, our teaching ability is completely inept. In my opinion, Tyler's
formula for teaching in our schools is still prevalent because it is a set of approaches
without addressing any changes. The old saying "If it ain't broke, don't fix it" applies to
education today.

"Experts" say we (in education) have used the objective filled lesson
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plan for decades and we did fine. Therefore, why not continue it? These same "experts"
wonder why we have such a high dropout rate and why we lose so many students because
of lack of interest. The answer, of course, is standardized testing. Perhaps if the students
are tested enough, they will become proficient at taking standardized tests and will appear
more intelligent.
In this chapter, I discuss many different aspects of reconceptualizing mathematics
education as well as education in general. I know when I get frustrated with the way
things are in education, I immediately want someone to tell me how to "fix it." However,
as soon as someone tells me how to "fix it," I immediately find something wrong with the
"fix." How can the state and local governments decide on any one correct way of
dictating education? How could the same rules apply to students in rural communities
with very little resources apply to affluent sections of larger communities? Yet, the state
and federal governments dictate that "one size fits all" with the mandated testing and
impossible rules and regulations set forth by government. Yes, I understand that some
standards need to be in place in education. I also understand that if local municipalities
want state and federal monies, they must try to meet the guidelines set forth by the
governments. However, the guidelines should have parameters incorporated within them
to meet the needs of all children in all communities. Unfortunately, the guidelines set up
by the government often cater to the very affluent communities and do not meet the needs
of the middle class and poor segments of the communities.
In discussing reconceptualizing mathematics education, I hope the reader will see
that the current ways of thinking about mathematics education as well as all education
venues do not help to meet the needs of all students. Dropout rates are extremely high.
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Students do not feel safe in the schools. Parents are suing local boards of education if
they do not get their way. Many times, a parent who just says the word "lawsuit" puts
boards of education into a state of panic, thus causing the board to refute its own policy.
In mathematics education, why can we not do what is best for the students? If
elementary teachers were given the freedom to concentrate their efforts on helping
children leam basic reading and mathematics skills, education would progress in all areas
of study! Legislatures, state boards of education, and local boards of education should
give teachers the empowerment to work on necessary skills without having to dictate
every action the teacher takes in the classroom.
Even though I have been around a long time, I remember my first grade
experience. My teacher's name was Mrs. Schultz. She was very sweet and kind but she
had high expectations for her students. I lived in a rural community where the teachers
knew all the parents quite well in the community. Although her expectations were high,
her method of teaching mathematics was not "drill and kill." I remember playing a lot in
her classroom. We played when we did arithmetic; we played when we learned the
alphabet; and we literally had plays to leam social studies and literature. We would bring
things in to show and discuss for science and biology (for example, ajar of "lightening
bugs"). School was so much fun! However, if a child misbehaved or did not do his
homework, he had to stay in at recess. That was totally embarrassing for the pupil who
had to stay in for recess. Many of my elementary school teachers let us leam while
allowing us to play except for my third grade teacher who was totally no nonsense and
definitely drilled us every day. Although we had fun while learning, strict guidelines for
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unacceptable behavior prevailed and parents knew these guidelines to be effective. Many
of the students came from poor family situations, but they were expected to behave.
My point in all of the above is local boards of education must decide what
policies they want their teachers and students to uphold and must not succumb to
individual parental threats. That is like playing a game of chess and changing the rules if
someone gets mad. In reconceptualizing mathematics education, as well as education in
general, parents, legislatures, and local boards of education must give teachers, who are
really the professionals in this area, the ability to do their job which is to teach children.
Somewhere in the past thirty years, principals and teachers have lost the right to maintain
an orderly classroom and school. Many parents argue that rules are sound until the rules
are applied to their own children. Of course, society has changed. Single-parent families
are becoming the majority of households where many students live. However, students,
in most cases, will adhere to fair rules and regulations if all students are consistently held
to the same policies.
Reconceptualizing mathematics education must take all of the factors above into
consideration. Students, of whom many are not in special education, enter high school
with mathematics abilities no higher than fourth grade level. Yet, the state mandates that
these students pass an end of course test in rigorous algebra. Teachers understand that
some students come from less than desirable home situations. However, we ask the
question in high school: how do some students complete fifth through eighth grades with
only fourth grade mathematics ability? Having talked with a number of elementary and
middle school teachers throughout the past twenty-five years, without exception, the
teachers were told to pass the students along and let the next level teacher deal with the
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students' lack of progress in mathematics. Many times the students who are passed along
have discipline problems and very little parental support.
The previous discussion reiterates the reason why Pinar's definition of
reconceputalization is so important. Education cannot be a dictated set of rules and
regulations where the teachers have very little flexibility in how they teach children.
Often, I have heard education should be run like a business. What do these people want
us to do who say to run schools like businesses? Children are not adults! If a child is late
to school three times, should we kick him out? If children do not do their homework for
two days in a row, should we throw them out? Parents would be in an uproar!
What is Reconceptualization?
Pinar developed a definition of reconceptualization which seems to encapsulate
what some of us are trying to do in education today:
The Reconceptualization, I am suggesting, is fundamentally a dialectical
relation among knowers, knowing, and the known. Its thematic character
must and will be identified and constructed through the discourse and
scholarship of its participants. To imagine it a finished product, a
doctrine, is to miss its point. What is essential about the
Reconceptualization—as the literal definition of the word denotes -is its
constant redefinition. Thus the question that serves as a title to this paper
[What is Reconceptualization?] is a question that serves to invite your
participating in its answering. For it is ourselves who shape our relations
among each other, to colleagues in other disciplines, to the American
public. The order of contribution to that public and its educational system
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is contingent in inescapable ways upon the quality of our own selfconstitution. We cannot expect to meaningfully participate in the
transformation of the nation and its educational institutions if we fail to
authentically participate in the constitution and transformation of
ourselves and our work. (Cited in Pinar, et al., 1995/ 2000)
As I stated in the introduction, I have been a mathematics educator for over three
decades. Furthermore, since I have been alive for more than five decades, I remember
the launch of Sputnik, the Vietnam War, the Civil Rights Act of 1964, the integration of
schools, the Bay of Pigs Invasion, Elvis Presley, the Beatles, hippies, communes, "freelove," and the proliferation of drugs, just to name a few occurrences and people that had
huge impacts on our lives in the fifties and sixties. To my amazement, in looking back
on those times, I do not remember ever discussing any of those events in school. All
people living during that time remember what they were doing when they heard the news
that John F. Kennedy, Jr. had been shot. I remember where I was—at school in the
auditorium watching a movie as a reward for making the honor role or something like
that. Shocked and moved to tears, we could not believe that a beloved president had been
assassinated. I never remember talking about it at school. Yet. it was as if it had not
happened when we returned the next day at school. My point in saying all of this is that
students in school need to be able to discuss events and occurrences in their lives that
directly affect them. Fortunately, we did let the students discuss extensively what
happened on September 11th, 2001. Allowing the students to talk about how they felt
was a step in the right direction for education as most of the students were frightened.
Again, how could this happen? I live within fifty miles of a submarine base, a very large
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military base, and two nuclear power plants. I was frightened along with my students.
However, my job, at that particular moment, was not that of a mathematics teacher. I
became a surrogate mother, a counselor, and a listener. Although teachers are expected
to do all three of those jobs every day, I was not a mathematics teacher on September
11th, 2001.
What does all of this have to do with Pinar's definition of reconceptualization? I
believe when Pinar said, "Its thematic character must and will be identified and
constructed through discourse and scholarship of its participants. To imagine it a finished
project, a doctrine, is to miss the point", described education today—it has missed the
point. We are mandated to follow a Quality Core Curriculum (QCC's). Fortunately, in
the last year, I have finally heard the words "ever-changing" and a "constant work-inprogress" to describe the QCC's. Could some educators finally be getting the point?
Ralph Tyler's Views on Educational Objectives
In the following discourse, I mention Ralph Tyler quite often because his way of
using strict learning objectives is still being used quite commonly in education today.
In 1949, Ralph Tyler published a book entitled Basic Principles of Curriculum and
Instruction that was basically his syllabus for a course he taught at the University of
Chicago. Little did Tyler know that his book would become the gospel of curriculum and
instruction for the next fifty years! Tyler, in his introduction, states that his book is just
one way of viewing an instructional program and that students should look at other
rationales behind an effective curriculum (Tyler, 1949). In my experience in education,
my professors and the so-called "experts" in education at the state level think Tyler's way
is gospel. I have found this to be true not only in my state but across the country when I
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have talked to other educators from other states. I agree that a comprehensive philosophy
of education is necessary to guide educators in a certain school or district into making
judgments about curriculum. However, trying to get educators to agree what philosophy
of education is right for a school or district is a feat in itself.
I recently attended a conference on educational research. In one of the sessions
that 1 attended, the noted professor gave a complete power-point lecture on how we
should use rigid learning objectives and use as much "drill and kill" as possible in order
for the students to "learn" the objectives being taught. Needless to say, it was extremely
hard for me to sit and listen to this presentation without standing up and leaving the
room. Of course, he had taught in public high school a few years before he went to the
college level. In this same session, two professors from a different university gave a
presentation on their award winning method of teaching teachers how to teach. I asked
them how long they had taught in public school before going to the college level. They
responded that they had never taught in public school. Obviously, the Tylerian method is
alive and well at all levels of education today.
In the section of his book, "The Learners Themselves," he writes about how the
student would be a great source of what objectives should be taught in a school. "In
general, the learner learns only things which he does. If the school situations deal with
matters of interest to the learner he will actively participate in them and thus learn to deal
effectively with these situations. Furthermore, it is argued that the increasing
effectiveness with which he handles present situations guarantees his ability to meet new
situations as they arise" (Tyler, 1949, p. 11). Tyler mentions the students' interests
throughout his book. When Tyler wrote this book, education was something to be valued
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and it was a privilege to be able to attend school. In today's society, students can get a
job without an education. Many people can support themselves without knowing history,
algebra, biology, chemistry, or literature. However, I do not believe a person can be
successful without knowing how to read and do simple arithmetic. I know there are
exceptions. People exist who have supported themselves without knowing how to read. I
do not believe a people can purchase products and manage their money without knowing
simple arithmetic. So, how can we get students interested in subjects that have no
relevance to them? If what Tyler says is true, we would teach only how to make change
and how to read the instructions on different electronic devices.
Tyler makes an interesting point in the chapter "Contemporary Life". He
said the following:
...contemporary life is so complex and because life is continually
changing, it is very necessary to focus educational efforts upon the critical
aspects of this complex life and upon those aspects that are of importance
today so that we do not waste the time of students in learning things that
were important fifty years ago but no longer have significance at the same
time that we are neglecting areas of life that are now important and for
which the schools provide no preparation. (Tyler, 1949, p. 17)
Who is to decide what is important? Do we let legislators and administrators
decide what is important? Last year, I attended a meeting where we were to listen to a
person espouse how her system used a wonderful program for teaching algebra to all
students. Ironically, I looked around the room and noticed in attendance were eleven
administrators and only three mathematics teachers! Is there something wrong with this
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picture? Furthermore, the person presenting the program was an administrator who
repeatedly stated she knew nothing about mathematics. She simply wanted to tell us the
results of that program for her school! In questioning her privately, I asked her about her
school. At the high school, there were three mathematics teachers and only one hundred
twenty-one students who were taking an algebra course. I questioned her further about
what happened to students who could not learn algebra well enough to pass the course.
She said the students kept taking it until they eventually passed it with minimum
competency or they dropped out of school! Again, is there something wrong with this
picture?
Returning to the history of mathematics education, in 1898, educators,
administrators, and university professors were in a quandary as to who should take
algebra and when it should be taught. Unfortunately, we are still fighting that battle
today. Before World War II, educational leaders decided students did not need higher
level mathematics courses to function in society. Basic arithmetic would suffice.
However, during World War II, military leaders discovered that soldiers did not know
enough mathematics to operate the artillery nor to fix it when it became inoperable.
Business leaders complain about the same thing today.
Businesses today want students to understand mathematics so that they will
become better consumers and help the economy. It is obvious that one of our objectives
is to teach students basic arithmetic in order for them to be able to make change and keep
up with their money. Also, computer use is one of the technologies that most students
will need to know when they get a job. We must teach students to function in the real
world.
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When I was in elementary school forty-five years ago, the cumculum I was taught
was much more rigorous than the curriculum in schools today. We were expected to do
our homework and answer questions when we were called upon in class. It was
embarrassing not to be able to go out for recess. The difference between forty-five years
ago and today is that many students are embarrassed by very little, and many are proud of
the fact that they do no homework. Actually, I do not refer to what I assign my students
to do outside of class as homework. I simply call it practice. Since many students have
jobs or are involved in some form of extracurricular activity, we as teachers must find
objectives that work around these facts of life. We must try. We cannot give up trying.
Tyler raises this very question: "What can your subject contribute to the education of
young people who are not going to be specialists in your field; what can your subject
contribute to the layman, the garden variety of citizen?"(Tyler, 1949, p. 26)
I have a difficult time justifying to my students the value of certain objectives.
"The garden variety of citizen" in this day and age needs to know more science and
mathematics than even fifteen years ago if he or she wants to be cognizant of what is
happening in the world around him or her. Because of the increase in cures for diseases,
people need to know human physiology in order to make informed decisions about their
own care or the care of a loved one. People need to know about how formulas work,
about stocks, retirement accounts, insurance policies, taxes, and banking in order to keep
up with their money. However, the "experts" think all students need a formal course in
algebra. How can I convince a student with a fourth grade math ability level that he or
she needs a course in algebra? The bigger problem here is why should a student reach
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high school and still be on a fourth grade level in mathematics? I will explore this
phenomenon later in this chapter.
The following statement addresses this problem: "An educational program is not
effective if so much is attempted that little is accomplished. It is essential therefore to
select the number of objectives that can actually be attained in significant degree in the
time available, and that these be really important ones" (Tyler, 1949, p. 33). We tend to
teach too many "objectives" in education. The saying that "curriculum is a mile wide and
an inch deep" pertains to all fields of education. We take the word "objective" to the
extreme. The "experts" want us to break down our subjects' objectives into minute detail.
Instead of having ten important objectives, we have thirty-five objectives in a particular
course I teach. Therefore, the dreaded End-of- Course Test (EOCT) will cover all thirtyfive "objectives."
Tyler discusses how to write objectives that can be taught: "It can safely be
concluded that a statement of objectives clear enough to be used in guiding the selection
of learning experiences and in planning instruction will indicate both the kind of behavior
to be developed in the student and the area of content or life in which the behavior is to
be applied" (Tyler, 1949, p. 47). Educators have taken this to the extreme. In teacher
preparation courses, writing the objective for lesson plans is still the mainstay of
methodology courses. In talking with a very intelligent student who is taking a
methodology course at a major university that "prepares" her for student teaching, I
detected her paranoia about writing the objectives for lesson plans. She said, "Why aren't
they teaching me how to teach instead of writing a perfect lesson plan?" What could I
say? I am not convinced that Tyler had in mind what educators have turned his writing
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objectives into today.

In my opinion, he had in mind teachers of different subject areas

writing objectives together so there would be an intermingling of subjects, allowing
students to see how different subjects relate to each other. Mathematics is a tool used in
science and economics. The history of mathematics could be interdisciplinary with social
studies and literature. However, most of the time, teachers of different subject areas
cannot find the time to get together to write objectives that would intertwine the subjects.
In the section on "Learning Experiences," Tyler suggests many ways in which
learning experiences should be directed toward the objective being taught. Learning
experiences should foster thinking. They should be helpful in acquiring information as
well as developing social attitudes and interests (Tyler, 1949). Dewey was also a
proponent of learning through experience (Jackson, 1998). In theory, I totally agree with
this point. However, in classes where so many different age groups and ability levels
exist, to whom should the learning experience be aimed—to the seventeen year old or the
fourteen year old?
Students and parents should have some say in the curriculum of the school or
district. But how can we as teachers rely on what a student wants to learn? Should we
not give them some guidance as to what we think is best for them to know in our
particular subject areas? Many of us are not realistic as to what a student needs to know
in our particular subject. For example, should all students know basic algebra? Students
should know how to manipulate a formula and how to do basic arithmetic, but all
students should not be required to take a rigorous course in algebra. Factoring an
equation will not be the "end all be all" to the majority of students. However, all students
should be given the opportunity to take a rigorous algebra course if they so desire. All
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students should be strongly encouraged to reach their potential whatever that may be. In
the next chapter, I will discuss my visions for mathematics education.
To further complicate matters, Tyler continues:
In outlining the suggested learning experiences it is very necessary not
only to consider experiences that are inherently related to the organizing
principle of the unit but also to care for the varying needs and interests of
the individuals likely to be in this grade and also to provide for each
individual learner variety enough to stimulate continuing interest and
attention and to prevent boredom. (Tyler, 1949, p. 102)
I believe Tyler was discussing elementary education in this section. Elementary teachers
must be generalists which is not always fair. They must know and be able to teach all
subjects from reading to social studies to science. Tyler does go on to point out that one
learning experience could teach more than one objective which is my point exactly.
Narrow the number of objectives to a reasonable number and teach some of them
simultaneously. He was alluding to individualized instruction in this passage which
would be a formidable task in any type of curriculum planning. How can individualized
instruction be employed with thirty students in one classroom and only one teacher to
implement it? However, if a teacher uses a variety of teaching methods and strategies, the
varying needs and interests of students would be partially met. As far as preventing
boredom, how can a teacher prevent boredom if a student chooses to be bored?
Hidden Curriculum in Our Schools Today
Another aspect that we need to consider is the "hidden curriculum" in schools
today. In his book. Life in Classrooms, Philip Jackson discussed hidden curriculum. He
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initially described the setting of the classroom and the daily activities that occur in the
classroom. Later in the book, Jackson said as follows:
. . . the crowds, the praise, and the power that combine to give a distinctive
flavor to classroom life collectively form a hidden curriculum which each
student (and teacher) must master if he is to make his way satisfactorily
through the school. The demands created by these features of classroom
life may be contrasted with the academic demands - the "official"
curriculum, so to speak- to which educators traditionally have paid the
most attention. As might be expected, the two curriculums are related to
each other in several important ways. (Jackson, 1968, pp.33-34)
Later in the book. Handbook of Research on Curriculum, Jackson discusses the
phrase "hidden curriculum," which is just a way of providing a language that people can
use to discuss curricular issues that might not be discussed otherwise. He compares it to
the term curriculum that is defined in the dictionary. He states: "All we can do in the
final analysis is to proffer reasoned arguments in support of one definition over the other"
(Jackson, 1992, p. 12).
Educators think of hidden curriculum in terms of how they experienced it in their
teaching, in their political beliefs, and in their research. Some educators think of hidden
curriculum as plural. Karen Anijar (Division of Curriculum and Instruction, Arizona
State University) defined hidden curriculum as follows:
I don't think there's a singular hidden curriculum. I think it's something
that transforms itself like anything else. I don't think it's something that's
singular or constant. I think it changes, it moves.... It doesn't remain
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constant. If it remained constant it would be easy to unearth and
deconstruct and everybody would know about it and where it would
occur...It moves and it reconfigures itself like anything else. It's a
process.... (Anijar as cited in Margolis, 2001, p.24)
I strongly agree with this definition by Anijar. In public schools, especially at the
secondary level, so many things are arbitrary. Policies and rules are made. Many
policies say " at the discretion of the administrator." However, if certain individuals do
not follow the policies, there are no consequences. How consistent is this?
Naturally, looking at my teaching experience in retrospect, I realized that the
students were not only learning what we as teachers were supposed to be teaching them,
but they were learning other aspects of daily life that we were not "officially" teaching
them. For instance, we are always telling the parents that we are trying to do what is best
for their child. I had a student who was a senior and needed one mathematics course to
graduate from high school that year. He and I knew that he could not pass the
mathematics class he was taking from me unless I simply gave him the grade. He had a
very weak background in mathematics and had struggled to make it as far as he had. I
put in a schedule change for him to transfer to another class that was more suited to his
needs. The registrar would not change his class because she informed me that he should
have thought about this matter sooner rather than later. Therefore, he would have to stay
in my class. Of course, I knew there was a way to get around this dilemma of getting him
changed. Unfortunately, some administrators do not think that teachers know what is
best for the students we teach. However, they will change a student's schedule if the
parent of the student comes up to the school and threatens to go to the local board of
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education. I told the student to get his parents to come up to the school and demand that
he be taken out of my class. His parents had no issues with me and were satisfied that he
remain in my class. However, since they wanted him to graduate on time, they did as I
suggested. The next day the student was changed from my class.
What kind of messages did that procedure send to the student? Several messages
come to mind. First, the school lied to the parents and student when it said that it had the
student's best interest in mind for the decisions that were made. Second, the student
discovered that the teacher's viewpoint about what is best for the student in question is
not important. Third, the student learned that if he wanted to get something
accomplished, he must rely on someone else to do it for him. He was forced to go to the
person or persons who have the power, in this case his parents, and disregard the person
who has no power because it was a waste of time. Fourth, the student learned that
teachers must stretch the truth in order to get what they perceive as viable options
accomplished.
Evaluation in Our Schools Today
Evaluation is still a big concern with educators today. From the President of the
United States to the State Board of Education, testing objectives is the only way to
determine if a student really knows a subject. In my opinion, objective tests do not
determine if a student knows how to think critically. Students should be able to explain
or demonstrate their knowledge of an objective in other ways rather than an objective
test. In today's education, rubrics are widely used. Tyler did not call them rubrics, but
he discusses them in his section on evaluation: "...it is quite probable that the curriculum
constructor will find that there are available instruments that will be quite satisfactory for
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certain of the educational objectives, that there are other available instruments which can
be modified somewhat and made appropriate for certain other educational objectives, and
finally, that there are some educational objectives for which no available evaluation
instruments can properly be used" (p. 114). Much of the criticism heaped on him is his
use of objectives. Noddings' criticism of Tyler's work, "Clearly, the objectives from a
scholar interested in cognitive structure is concerned with how the child thinks and not
solely with the product of his thinking. The teacher, so guided, cannot enter the
instructional situation with predetermined behavioral objectives for the students;
objectives must arise out of the situation in which, first, what is possible has been
revealed" (Nodding, 1974, as cited in Pinar, et al, 2000, p. 149). Noddings is correct in
saying that everything that we do in the classroom should not be planned to the point of
stifling a teachable moment. Often, the entire class period turns into a discussion
completely off the subject that had been carefully planned by the teacher. Competent,
effective teachers know when to stay on the "subject" at hand and when to stray from it
in order for the students to have their own voice in the teaching and learning that takes
place in the classroom. However, some teachers, who are not experienced and who are
very unsure of themselves, need a temporary plan to follow. As teachers gain experience,
they tend to turn in lesson plans for the sake of turning them in and do what they really
want to do in their classrooms. Unfortunately, there are still many teachers who teach the
same way they did twenty years ago, using the same material, and stating exactly what
day even six months away the concept they will be teaching on any particular day.
We, as educators, should never profess to have the answers to exactly what
students need to know and how they should learn what we think they should know.
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Granted, it would be far easier for everyone concerned with education if there were a
magic formula that stated the needs to survive in our world today. Would not that make
our jobs as educators simple? I cannot think of anything more boring! However, we
were told recently, by the powers that be, that they wanted us to have a notebook ready
for a first year teacher with "everything" in it that the teacher would need to know in
order to teach that particular subject. This notebook is to contain lesson plans,
supplementary material, sample tests—in other words what to teach, how to teach it, and
when to teach the subject matter of a particular course. My question to them addressed
the creativity of the teacher. Will we not be taking the need for creativity completely
away from him or her? Unfortunately, in the present day classroom, if an evaluator
walks into a classroom and the teacher is not teaching what is on the lesson plan for that
day, the evaluator gives the teacher an unsatisfactory for that particular part of the
evaluation!
Need for Reformation in Mathematics Education
Reformation of mathematics education has been the on-going theme of every
mathematics conference I have attended in the last fifteen years. Every conference is
filled with sessions containing new ideas and methods that would enhance the teaching of
mathematics at all levels from kindergarten through calculus. Unfortunately, in the last
decade, the need for accountability through standardized testing has reared its ugly head
and put a damper on many innovative ideas that had begun emerging in the field of
mathematics education. Although standardized testing is foremost in all teachers' minds,
mathematics teachers continue to try and incorporate into their classrooms new and
exciting ways for students to learn mathematics as well as teaching the concepts needed
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to "pass" the test. However, when I discussed my dissertation topic with national leaders
in the field of mathematics at a state mathematics conference as well as mathematics
professors from leading universities, they quickly dismissed my topic because it was not
a "research" study where something could be measured. Could this be a glimpse of why
mathematics education needs reconceptualizing? These well-meaning people are like
most of us. They must have a definite way or some proof that a method of teaching really
works. They must have measurable results for it to be valid.
The National Council of Teachers of Mathematics (2000) conveys our hopes and
dreams for the mathematics classroom in the twenty-first century in their newest edition
of Principles and Standards for School Mathematics:
Imagine a classroom, a school, or a school district where all students have
access to high-quality, engaging mathematics instruction. There are
ambitious expectations for all, with accommodation for those who need it.
Knowledgeable teachers have adequate resources to support their work
and are continually growing as professionals. The curriculum is
mathematically rich, offering students opportunities to learn important
mathematical concepts and procedures with understanding. Technology is
an essential component of the environment. Students confidently engage
in complex mathematical tasks chosen carefully by teachers. They draw
on knowledge from a wide variety of mathematical topics, sometimes
approaching the same problem from different mathematical perspectives
or representing the mathematics in different ways until they find methods
that enable them to make progress. Teachers help students make, refine.
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and explore conjectures on the basis of evidence and use a variety of
reasoning and proof techniques to confirm or disprove those conjectures.
Students are flexible and resourceful problem solvers. Alone or in groups
and with access to technology, they work productively and reflectively,
with the skilled guidance of their teachers. Orally and in writing, students
communicate their ideas and results effectively. They value mathematics
and engage actively in learning it. (NCTM, 2000, p.3)
What a dream! Actually, some of the dreams mentioned above are being realized
in many of the classrooms across the United States. I attended a Systems Thinking
workshop in Portland, Oregon, during the summer of 1999. At this workshop, we were
introduced to a way of thinking how mathematics could be used to develop the ideas of
how living systems and economic systems in communities were intertwined. Through
this way of thinking, we discovered how, when one part of an eco-system failed, the
failure had a direct result on other systems. However, when I brought this idea back to
my classroom, I found that I did not have sufficient time to explore these different
relationships with other systems and "cover" the desired material that I was instructed to
teach. I did use this new discovery with my senior level mathematics class
because by the time they took my course, they had "passed" the required tests to ensure
their graduation from high school.
Real-world problems and applications have been the focus of the mathematics
community in recent years. Of course, most of the "real-world" applications are not ones
that are focused on what the students consider "real-world". In his book entitled Popular
Culture, Educational Discourse, and Mathematics, Peter Appelbaum discusses how
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mathematics should be taught in relation to popular culture, not as a plethora of boring
mathematical concepts that most students in our classrooms cannot relate to in their daily
lives. He says that mathematics should be recognized as a cultural force that should be
continuously promoted and evaluated (Appelbaum, 1995).
Appelbaum says that his book in general focuses on the sixth standard of the
Mathematical Association of America's (MAA) preparation of teachers:
The mathematics preparation of teachers must include experiences in
which they
• explore the dynamic nature of mathematics and its increasingly
significant role in social, cultural, and economic development;
• develop an appreciation of the contributions made by various
cultures to the growth and development of mathematical ideas;
• investigate the contributions made by individuals, both female and
male, and from a variety of cultures, in the development of ancient,
modem, and current mathematical topics;
• gain an understanding of the historical development of major
mathematics concepts. (James R. C. Leitzel, ed., A Call for
Change: Recommendations for the Mathematical Preparation of
Teachers of Mathematics, 1991 as cited in Appelbaum, 1995,
pp.51-52)
Unfortunately, none of the above statements are tested on standardized tests. The only
way we could possibly bring any kind of appreciation for development of major
mathematical concepts would be to have the students do a project or presentation if time
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permitted. Actually, some of the new textbooks have short autobiographies of
mathematicians who developed the particular concept being studied in that section of
their text. Students have a hard time imagining that mathematicians are people too.
Because students have such a hard time thinking of mathematicians as real people, I
require my students to write a short report on a mathematician who was bom on their
birthday. They invariably tell me that my class is not a writing class. It is a mathematics
class! Naturally, their statement gives me the perfect opportunity to discuss writing in
order to express themselves regardless of the situation. Recently, as my students were
working in small groups, I overheard one of the students say, "Gee, this is like having an
English class, science class, and math class all in one!" Quite often, I get somewhat
enthusiastic about teaching mathematics. One of my students recently asked me, "Were
you bom that way?" I told him that I thought I was bom with a love for mathematics just
as some of them had a passion for sports. I try to impress upon my students that not all
mathematicians are "geeks" and "nerds," two popular nouns that teenagers use to
describe people who like mathematics. Fortunately for the school and students where I
teach, most of the mathematics teachers share my enthusiasm for teaching mathematics.
Importance of History of Mathematics
Incorporating the history of mathematics into mathematics teaching should be
essential. As I stated in the introduction, I avoided courses where I would be required to
write papers. Of course, I now regret not taking some of those courses. However, I
never had a mathematics teacher or professor discuss with me any of the mathematicians
of ancient times or any history of mathematics at all. Now, because I have incorporated
my study of the history of mathematics into this dissertation, I have begun to discuss
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mathematicians and their contributions to the topics we study in the mathematics courses
I teach. My students are fascinated with the lives of many of the mathematicians.
Invariably, they say that these people did not have enough to do to occupy their time.
Naturally, this leads to other conversations concerning our lives today in comparison to
the lives of the mathematicians and what the students could accomplish themselves if
they did not have television and the internet. Fortunately, I had the desire to leam
mathematics because I found it fascinating and intriguing. My mathematics teachers, for
the most part, were good deliverers of instruction and told me exactly what I needed to
know. Very little has changed. However, as I stated earlier, most students are interested
in history and social studies. A study of world history could incorporate very easily the
mathematicians of that era and their contributions to history. Again, lack of time is the
main cause of little or no communication with teachers of other subjects.
Committees, Reports, and Legislature Concerning Mathematics Education
As I discussed in Chapter IV of this dissertation, World War II was somewhat of a
turning point in mathematics education. The GI Bill came into existence and many
people who had not had the opportunity to attend college or technical school before
WWII got the chance to go. The demand for higher- level mathematics courses to be
taught in colleges did not materialize. Most of the people using the GI Bill wanted
applied mathematics courses that would help them in the work place. However, when the
Russians launched Sputnik in 1957, the demand for advanced mathematics to be taught in
high schools and universities increased.
During the first half of the twentieth century, many organizations were formed
and committees met to try and decide what mathematics courses should be taught in
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schools and universities. The CEEB played a tremendous role in what mathematics
courses should be taught in high school to prepare students for the SAT. Things are no
different today. High schools are judged on how many students take the SAT and the
scores of these students. In my state, school systems are ranked on various criteria such
as SAT scores, high school graduation test score, high school dropout rate, number of
PhD's on staff, etc. Imagine the pressure put on school systems to improve their ranking
in the state! People who are interested in moving to a certain location in our state look at
the rankings of the school systems. Consequently, pressure is put on the high schools in
each system to improve SAT scores. Naturally, pressure is stronger on English and
mathematics teachers to improve SAT scores because that is what is measured on that
particular test. Committees meet. Discussions are held. Legislatures want all students to
take a rigorous course in algebra to improve SAT scores. The number of committees that
were formed in the twentieth century just to discuss mathematics education was
staggering! Legislatures claim to listen to teachers. Would it be wrong to speculate that
some of the committees of legislatures and educators would be similar to the meeting I
attended on algebra—more legislators than educators?
After the fiiror of Sputnik died down in the sixties, the Vietnam War began.
Protests abounded. The decade of the sixties was definitely a decade of unrest.
Education seemed to take a back burner to the social problems of that decade. However,
the federal government enacted the Elementary and Secondary Education Act (ESEA)
that poured more than a billion dollars into education (Marshall, et. al, 2000). Race riots
were commonplace. I remember in 1972, the principal came on the intercom and told us
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to lock our doors and not to open them for anyone. I was teaching a geometry class.
Could I, a frightened teacher, teach geometry to a room full of frightened students?
"New math" was introduced during the Sixties. I lived through new math and I
do not remember it as being a big deal. Sets and modular arithmetic were very interesting
topics. However, educators in the late seventies and early eighties blamed new math as
the reason for declining test scores. I remember this very vividly. As I alluded to earlier,
something did change in the seventies. Since the United States had just had a man walk
on the moon, I was disappointed that more students were not inclined to take upper-level
mathematics and science courses. A man walking on the moon seemed to be something
for the "geeks" and "nerds" and not for them.
During the seventies, curriculum development was in a period of transition.
Curriculum theorists such as Michael Apple (2001), Maxine Green (1973), Louise
Berman (1968), and Eliot Eisner (1985) were beginning to have a significant impact on
curriculum. The feminist movement was in full swing as well as the gay liberation
movement. In Joseph Schwab's article, " The Practical: A Language for Curriculum," he
describes different groups that affect curriculum development:
One effort seeks the ground of its objectives in social need and finds its
social needs in just those facts about its culture that are sought and found
under the aegis of a single conception of culture. Another grounds its
objectives in the social needs identified by a single theory of history and
of political evolution. A third group of searches for objectives are
grounded in theories of personality... Still other searches for objectives
seek their aims in the knowledge needed to "live in the modem world," in
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the attitudes and habits which minimize dissonance with the prevailing
mores of one's community or social class, in the skills required for success
in a trade or vocation, in the ability to participate effectively as members
of a group. (Schwab, 1969, pp. 9-10)
As mentioned earlier, the report, A Nation at Risk, put educators into a tailspin.
The alarming statistics that this report gave to the nation put educators on the alert they
were not doing their job. However, in the section of the report on "The Learning
Society," it states the following:
At the heart of such a society is the commitment to a set of values and to a
system of education that affords all members the opportunity to stretch
their minds to full capacity, from early childhood through adulthood,
learning more as the world itself changes. Such a society has as a basic
foundation the idea that education is important not only because of what it
contributes to one's career goals but also because of the value it adds to
the general quality of one's life. (U.S. N. C. E. E., 1983, pp. 10-11)
It would be wonderful if we had a "Learning Society." I am glad that the Commission
put this section in the report unless we have a society that wants to learn, we as educators
have an almost impossible task. Many educators, parents, students, and business people
believe we are a nation still at risk. Dave De Schryver of the Center for Education
Reform, Mike Petrilli of the Hudson Institute, and Sarah Youssef of The Heritage
Foundation prepared a paper for the Fifteen Years and Still a Nation at Risk summit,
April 3, 1998, entitled "Fifteen Years After a Nation at Risk." In this paper, these three
people gave statistic after statistic comparing the statistics reported in the A Nation at
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Risk report with findings in 1998. However, in examining their statistics closely, their
statistical findings were not from 1998, but from 1990- 1996 in most of their
comparisons. Even so, their findings were not good for education. Our students are more
educated than they were twenty years ago. Most students know how to use technology.
The most surprising statistic was that the SAT scores rose slightly from 1984-1995
(before "recentering") but were still 70 points lower than in 1963. Unfortunately, this
statistic is somewhat misleading. There were fewer students taking the SAT in 1963.
Today, anyone who can pay the cost of the test can take it in my state. Another article
along these lines in the Christian Science Monitor, April, 2003, looked at the nation now
as compared to twenty years ago. It went on to say that the state of education now
depends on whom one asked. One veteran teacher described education as better because
of technology and advances in research, but as far as politics in education, it had gotten
worse. A principal in a school that contained many immigrants said that the schools were
better because they taught more reading skills to non-English speaking students.
As far as mathematics is concerned, the students did not do well on the Third
International Math and Science Study (TIMSS) test. In December, 2000, the New York
Times and other publications reported that students in the United States scored lower on
the international tests than four years earlier. In comparison to many European and Asian
mathematics and science students, our students do not measure up to them on this test.
The test has a multiple-choice component and open-ended questions. One statistic on the
outcome of the test states that nine percent of American eighth graders reached the
highest levels as compared to one-half of the eighth graders from Singapore. It is true

169
that other countries have mathematics specialists in the lower grades.

In other countries,

students spend more time in class than students in the United States.
Problems in Mathematics Education Today
Many elementary teachers do not like to teach mathematics. At conferences and
workshops, elementary teachers express frustration in teaching mathematics because of
their lack of content knowledge and their lack of preparation. Consequently, their
students do not like mathematics and lack a strong mathematical background when they
enter middle school. International studies show that "even expert teachers, experienced
teachers who were mathematically confident, and teachers who actively participated in
current mathematics teaching reform did not seem to have a thorough knowledge of the
mathematics taught in elementary school"(MA, 1999, p. xix).
Students entering middle and high school are not prepared for mathematics at
grade level. The problem persists nationally (Bums, 2001). For example, at the NCTM
national convention in 2001,1 attended a session by Marylyn Bums because I wanted to
hear what she had to say about elementary school mathematics. I sat next to a veteran
fourth-grade teacher from another state and explained to her my reason for attending that
session. In our conversation, she told me that her neighbor across the hall hated to teach
mathematics, especially fractions. She continued to tell me that when the fraction unit
came up, she went to the other teacher's class and taught fractions while the other teacher
came to her classroom and taught something else. Another example of an elementary
teachers' fear of mathematics was from a veteran fifth grade teacher with over twenty
years of teaching experience who told me, "Last year, I finally felt like I understood
fractions." After twenty years of teaching mathematics to elementary students, she
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finally felt she understood fractions! I just smiled and told her that it was great that she
finally understood fractions. However, inside, I was mourning for all of the students who
were in classes with very caring, intelligent teachers who did not have a clue about
mathematics. Unfortunately, throughout my long career in mathematics education, I have
heard this story or one like it repeatedly. What can we do to relieve mathematics anxiety
of elementary teachers when they teach mathematics?
Many teachers decide to teach elementary school because of their lack of
mathematical and science ability. Post-secondary institutions require very few courses in
the teaching of mathematics in elementary school. Most of these institutions require only
two courses in mathematics: the core requirement and a course for teaching mathematics
in elementary school. Elementary teachers claim two courses are not enough to prepare
them for teaching mathematics in the elementary school.
Many reasons could contribute to the lack of mathematics knowledge by
elementary school teachers. Elementary school teachers may not take as many semesters
of advanced mathematics courses in high school and college as other students. Parental
influence could contribute to a student's lack of knowledge of mathematics. Many
parents do not see the need for mathematics other than to balance a checkbook. Teachers
who lack mathematics knowledge could have taught many of the mathematics teachers,
thus perpetuating the problem. Poor teacher preparation in college could be a factor.
Racism, gender bias, and cultural considerations could all be factors in lack of
mathematics education for elementary school teachers (Johnson, 1984).
Most researchers will agree that students develop strong belief systems about
mathematics and themselves if they are in a classroom where the teacher knows the

171
mathematics content (Fennema & Franke, 1992). There are studies that claim there is no
difference in what a student learns with a teacher who knows mathematics content and
with one who does not (Schoenfeld, 1985; School Mathematics Study Group, 1972;
Eisenberg, 1977). However, I cannot imagine children learning very much mathematics
from teachers who do not know mathematics content.
Unfortunately, this situation is true today. There exists a mathematics program of
study that is very prescriptive, virtually taking all creativity away from the teacher. In
listening to different groups of teachers discuss this program, high school teachers, for
the most part, hate it while elementary teachers like it very much. Thankfully, not all
elementary teachers like this method of delivery. The elementary teachers who do not
like it are the ones who enjoy mathematics and know mathematics content. This method
of delivery was supposed to "cure" the problem of students' lack of competency in
computation and problem solving skills before they entered high school. From personal
experience, improving computational and problem solving skills did not take place. If
anything, the problem is worse than ever.
Another problem in mathematics education is the over-use of the calculator. I am
not saying a student in elementary school should not be able to use a calculator.
However, students should have a sense of number and know when an answer is wrong
even with a calculator. Calculator use is not the demon that some educators say is the
reason for the downfall of mathematics education. I have students in my senior level
mathematics course who are allowed to use calculators at anytime they wish to use one.
Yet, many of my students do not know order of operations; therefore, they do not know
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how to enter a complicated computational problem into the calculator! I tell my students
that the calculator is only as smart as the person entering the data.
Standardized Testing
Standardized testing has taken its toll on education and particularly mathematics
education in recent years. As my quote by Hermann Hankel indicated at the beginning of
this dissertation, mathematics is a subject that builds from one generation to the next. If
one story of this building is not strong, then the building will be weak or possibly it will
collapse. Unfortunately, mathematics teachers are required to teach to the state required
test, whatever standardized test at that particular moment their state requires. As I
alluded to in Chapter IV, when the college entrance exam became a requirement to enter
college, standardized testing took on a mind of its own. In today's educational arena,
teachers' jobs literally depend on how well their students do on standardized tests.
Schools are being classified as "needs improvement" schools if their students do not
show improvement from year to year on standardized tests. If these schools stay on the
needs improvement list for several years, the school is taken over by some state agency
and is deemed unaccredited.
Of course, most standardized tests are based on mathematics and language arts.
When I hear teachers say they do not teach to the test, I just smile and know that they are
stretching the truth. I believe that all teachers who know their subjects will be tested on a
standardized test will make sure, in some way, they cover as many items as they have
time to cover before the test is given. Their method of delivery does not necessarily
address the fact that the "objective" they are covering will be "on the test." Nevertheless,
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if they want to stay in teaching in many states, they must make sure their students "do
well" on the test.
Teaching for the test has been around for decades. During the nineteen eighties, a
mathematics teacher, Jaime Escalante, inspired a group of low achieving students at the
school where he taught to pass the Advanced Placement Calculus exam. Peter
Appelbaum (1995) writes an entire chapter in his book. Popular Culture, Educational
Discourse, and Mathematics, on how Escalante was thought to be, by many, as the
consummate best teacher in America in the nineteen eighties.

He illuminates the facts

that Escalante stayed at school twelve hours a day and became a work-a-holic. Escalante
won his students over because he had been one of them. Because Escalante was a Latino
and experienced some of the same problems as his students faced, he was able to relate to
the Latino students who were in his class. He was able to understand their difficulties
and their low self- esteem. He instilled in them ganas- "the desire to do something-to
make them believe they can leam"(Appelbaum, 1995, p. 69). Escalante, who made the
students believe in him and his ability to lead them in the right direction, demanded selfdiscipline and self-sacrifice. Escalante was successful in his attempt to get the Latino
students in his class to pass the AP calculus test. However, was not his approach simply
teaching to the test? He would drill his students on concepts he knew would be on the
test. Yet, he was lauded and praised as an exemplary teacher and possibly the best in
America at that time. Nothing was said about the number of students who took AP
exams in other subjects and passed those tests without a "super teacher." Later, Escalante
left the classroom to pursue larger financial endeavors brought about by his success as a
mathematics teacher to a select group of students.
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I am in no way demeaning Escalante's success in his classroom. From all
accounts that I have read about Escalante, he was a sincere person and truly helped his
students learn mathematics. My point is that Escalante taught to the "test" just like the
rest of us. His methods of teaching were unique to his students and worked quite well
with them. I use many of his videos in my classroom that portray jobs in the workplace
that use mathematics.
Many teachers use games in teaching mathematics. This method of delivery
works quite well in some mathematics classes. In the chapter, "Ezekiel Saw the Wheel,"
Appelbaum discusses how the Wheel of Fortune game show articulates with school,
mathematics, and numeracy in many ways. People from higher socio-economic levels
compete with the contestants to test their own levels of intelligence. People from low
socio-economic levels tend to use game shows to show that they are just as intelligent as
the more educated guests on the shows. Pattern recognition and probability are two
important mathematical skills used on Wheel of Fortune as well as being able to solve the
puzzle (Appelbaum, 1995). Many teachers use variations of the game show Jeopardy for
review and problem solving activities. Several mathematics supply companies have
produced versions of Jeopardy that teachers can purchase if the monies are available.
As I alluded to earlier, reading and writing across the curriculum have been a big
push in education in recent years. I have attended several staff development workshops
on reading and writing in mathematics. In my classroom, I have my students write about
themselves the first day of class. On my tests, I have students explain, justify, and defend
their answers. One student asked me about a question concerning a test item where I
asked-What do you think would be the best measure of central tendency to use for this set
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of data? Defend your answer. He said, "So, there is no wrong answer to this question,
right?" I responded by saying that as long as he gave me a reasonable justification that
his assumption was correct. On many occasions in my classes, students will invariably
say, "I thought this was a math class, not an English class." My response to them is
always in reference to being able to communicate effectively what they know. If they
cannot tell or write what they know in a way in which someone else can understand it,
how can they possibly convey to someone else what they know about a particular subject.
Writing in mathematics is a component mentioned in the Assessment Principle of the
NCTM's Principles and Standards for 2000(NCTM, 2000).
In his book. Mathematics as Sign, Brian Rotman accurately sums up what reading
and writing mathematics has been through the years:
Mathematics is cognitively difficult, technical, abstract, and (for many) arid and
defeatingly impersonal: one needs, it seems, to have been inside the
dressing room in order to make much sense of the play. On the other
hand, one cannot stay too long there if the play is not to disappear inside
its own performance. (Rotman, 2000, p. 1)
Rotman continues to spoof the non-yielding approach of those who think of mathematics
as merely numbers, symbols, and signs. He discusses how many mathematicians do not
consider "reading" mathematics unless it has something to do with proving a theorem. In
the chapter "Counting on Non-Euclidean Fingers," Rotman depicts a ficticious
conversation between the mathematical dynamic duo of Kronos and his young
mathematical apprentice Simplicius. In this conversation, Kronos and Simplicius have a
discussion about non-Euclidean numbers. Kronos discusses numbers that are countable
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and uncountable. The transiterates are numbers that can be named but not reached
(Rotman, 2000, p. 133). Even though this book, in many instances, pokes fun at how
people view mathematics, Rotman is correct in his inference that most people, including
scientists and mathematicians, view mathematics in linear terms. I teach a course in
Discrete Mathematics where we discuss topics in mathematics other than algebra,
Euclidean geometry, trigonometry, and calculus. In my opening discussion about the
class, the students are amazed that the above topics are only the bases for all
mathematics. I tell my students that the course is not a "cookbook" course and they will
have to be able to think. I actually have had students tell me, "Oh, Ms. Smith, I've never
had to think this much in my entire life." Of course, these statements were the best
things they could have said to me! In this course, we "read" mathematics signs and
symbols so the students will not be afraid of them when they see these symbols in
mathematics textbooks when they attend college. Rotman is entirely correct in his
assessment that most students cannot think beyond finite. Students have always been
taught that parallel lines are lines that never intersect. In non-Euclidean Geometry, this is
not the case. Hopefully, if the powers that be could ever get away from standardized
testing, we will be able to teach our students to think outside the box in mathematics
education. The following example illustrates this point quite well.
A few months ago, I had the opportunity to discuss a potential job of teaching
mathematics with a former student of mine. She was about to graduate from a prestigious
college with a degree in mathematics. I taught her geometry when she was in the ninth
grade. She took calculus her senior year because it would look good on her transcript.
This young woman disliked mathematics very much and avoided taking mathematics at
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her college as long as she could. Her major was English at the time. However, as luck
would have it, she decided to take a course in set theory as an elective just to see what it
was like. To her amazement, she could not believe there was a mathematics course that
did not use numbers as its basis! Naturally, I told her if she had taken my Discrete
Mathematics course, she would have known about set theory. Fortunately, she changed
her major to mathematics. Unfortunately, she had not made up her mind that she wanted
to be a teacher. She is a young, intelligent African-American woman whom we
desperately need in mathematics education. We need many more minority teachers in
mathematics and science education especially at the secondary level.
I gave this example to illuminate one important point—why did this young lady
have to wait until her sophomore year in college to learn there were other mathematics
topics that did not use computation? Unfortunately, when she was in the ninth grade, the
only thing she was interested in was what was going to be on the test so she could
memorize it in order to do well on the test. She was an exceptionally bright young girl
whose main objective in school was to have at least a four point zero average and
graduate with honors. What can we do in mathematics education to prevent this from
happening? Students should set high expectations for themselves. However, what can be
done to introduce students to other types of mathematics topics before they enter high
school? Because of the importance of her scores on standardized tests, she was afraid to
explore mathematics courses in high school that were not tested on standardized tests
thus deeming them unimportant.
Another example of a mathematics concept that is not normally taught in school is
fractal geometry. In an article Brent Davis and Dennis Sumara discuss how fractal
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geometry has opened up a whole new world in the way scientists in the fields of ecology,
biology, psychology, and of course mathematics look at the world. In studying shapes
and natural formations, scientists have always had a hard time reducing figures to
Euclidean shapes of rectangles, triangles, and parallelograms. In studying the shoreline,
it was always impossible to shape it in the form of rectangles in order to fit it on a map.
Davis and Sumara explain what they are trying to convey in their article in the following
statements:
We contend, herein, that the images and metaphors that have guided and
that continue to guide curriculum theory, planning and development, tend
to be organized by a particular 'geometry,' namely Euclidean. Despite the
now long-standing post-modem critiques of modernist epistemological
beliefs incorporated into formal education for the last few centuries, there
have been relatively few challenges to the classical Euclidean forms used
to organize curriculum and to structure schools. We attempt to uncover
some of these forms and to explore the figurative possibilities of an
alternative geometry, one more reflective of the unruliness of learning and
teaching. (Davis and Sumara, 2000, p.823)
This is a perfect example where the history of mathematics could be used in the
mathematics classroom. Euclid did not invent geometry. Actually, Plato addressed
geometry as an inductive, logical way of thinking, a way of describing the universe.
Euclid narrowed Plato's geometry into twenty-three definitions and five axioms that are
accepted today without proof (pp.823-824). Fractal geometry in no way diminishes what
is known as Euclidean geometry. In fact, fractal geometry is just an elaboration on what

179
has come before it. Fractal figures are referred to as scale independent. Whether one
moves closer or further away from a figure, the bumpiness and shape of the figure
remains the same. In Euclidean geometry, as a circle is magnified, it begins to resemble
a line segment. In fractal geometry, whether one studies a miniscule part of a figure or the
whole thing, the image remains the same. The whole is not the sum of its parts. The part
is also the whole. In other words, there is no simplest level. Because of this feature,
fractal geometry has been described as 'far closer to the flexibility of life than it is to the
rigidity of Euclid (Stewart, 1998, as cited in Davis and Sumara, 2000). Fractal figures
resemble natural forms that cause these figures to have self-similarity, which means the
form may be seen as being assembled of reduced copies of itself (Davis and Sumara,
2000).
Because of the qualities of self-similarity and scale independence, fractal
geometry has caught the attention of scientists and researchers in other domains, from
physics to the humanities:
Awareness of scale independence and self-similarity seems to have
opened up possibilities for seeing a broader range of phenomena as
pattemed-literally ranging from subatomic space to the distribution of
matter in the universe ... This is not to say that such patterns are
determinable and, hence, reducible. On the contrary, they are seen as
irreducible unfoldings, forms subject to incomprehensible arrays of both
subtle and imposing influence. What fractal geometry brings is not a
renewed effort to colonize the disorderly, but an appreciation of the
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universe as complex, ever-unfolding, self-transcending, and relational.
(Davis and Sumara, 2000, pp.826-827)
Fractal images are products of particular recursive procedures. In other
words, a recursive process is one in which the new input is a result of the output
of the previous level. Compound interest is an example of recursive calculations.
However, in fractal images, the calculations are non-reducible. There is no
definite theory or procedure that will produce the next unfolding. Human beings
are produced much like this procedure. Humans are a sum of their interacting
systems-biological, social, environment, and so on (Davis and Sumara, 2000).
Imagine how a discussion on fractal geometry could lead to a philosophical
discussion about how our lives are intertwined with so many systems in the
universe! For example, I have pictures of a lung, sand formations, and the
coastline taken from space that show how fractal geometry occurs in nature.
When students see these pictures, they have no idea that these natural phenomena
are actually recursive patterns when seen under magnification. The discussions
that follow range from how were these phenomena discovered to how the study of
the patterns that occur in nature will help predict future occurrences such as beach
erosion and respiratory diseases. However, fractal geometry is not on any
mandated standardized tests. Therefore, I would be in trouble if I taught this in
my geometry classroom. Again, I will discuss how I envision this to be used in
teaching mathematics in the future.
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National Standards
After the A Nation at Risk report was published, mathematics and science
educators were forced to develop some form of national standards for
mathematics and science. The following is a quote from the preface of NCTM's
Curriculum and Evaluation Standards for School Mathematics (1989):
The Standards is a document designed to establish a broad framework to
guide reform in school mathematics in the next decade. In it a vision is
given of what the mathematics curriculum should include in terms of
content priority and emphasis. The challenge we issue to all interested in
the quality of school mathematics is to work collaboratively to use these
curriculum and evaluation standards as the basis for change so that the
teaching and learning of mathematics in our schools is improved. (NCTM,
1989, p. v)
In the first sentence, the word "guide" is used. In my opinion, some educators as
well as legislators should have replaced this word with "gospel." I do not believe NCTM
meant for this document to be the main force that drives a curriculum in a school system.
However, on our lesson plans, we are required to document what state and national level
objectives we are using to teach mathematics in our classrooms! In the 1989 volume of
Standards, there are fourteen broad standards for mathematics in grades nine through
twelve. In the particular subjects that I teach, one subject has thirty-five state objectives
that I am supposed to cover and the other one has forty-nine (I teach this course as a onesemester course. Therefore, I am supposed to cover one-half of the objectives). I must
confess something at this point. I actually worked on committees that developed some of
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the objectives being taught in some of the mathematics courses in the state. Also, I
worked on small committees that developed courses for our state. It was very
enlightening to discover how such a small group of people could have such an impact on
what was to be taught in our state. Even though I do not agree with much that is being
done concerning mathematics education in our state, I decided it would be better to work
from the inside out rather than sitting on the outside and doing nothing but complain.
The Standards of 1989 made some underlying assumptions for grades nine
through twelve:
• Students entering grade 9 will have experienced mathematics in
the context of the broad, rich curriculum outlined in the K-8
standards.
• The level of competency proficiency suggested in the K-8
standards will be expected of all students; however, no student will
be denied access to the study of mathematics in grades 9-12
because of a lack of computational facility.
• Scientific calculators with graphing capabilities will be available to
all students at all times.
• A computer will be available at all times in every classroom for
demonstration purposes, and all students will have access to
computers for individual and group work.
• All students will study appropriate mathematics during their senior
year. (NCTM, 1989, pp. 124-125)
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I listed only a few of the assumptions that NCTM gave in its document that 1
believe have the most impact on mathematics education. The first assumption listed is
presently unattainable. The elementary and middle school teachers must spend too much
time getting ready for standardized testing, making a broad, rich mathematics curriculum
in mathematics virtually impossible. Another reason the first assumption is unattainable
is many middle school teachers are teaching mathematics who dislike mathematics
immensely and are being forced to teach it. The certification for middle school teachers
demands that they be trained in two areas of content. Many of these teachers choose
language arts and social studies. Because there is such a shortage of teachers who want
to teach mathematics and science in middle and secondary schools, many of the teachers
in the first group are required to teach mathematics. How much broad, rich mathematics
curriculum is taught in this scenario?
The next two assumptions are also unattainable in some sense of the word. All
students are given the opportunity to take mathematics when they enter secondary school.
Schools try to place the students at the appropriate levels. However, since most states
are requiring all students take a rigorous course in algebra upon entering high school,
students with very little number sense, computational skills, or problem solving abilities
are being forced to take mathematics courses that are much above their ability levels. In
addition, more and more special education students are being mainstreamed into regular
classroom settings with no extra special education personnel to aid the classroom teacher.
In some classrooms of thirty students, as many as one-third are special education
students who have minimal mathematics skills plus another six who are attending classes
because they are mandated to attend school by the court system. Therefore, in this
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classroom, students range in age from fourteen to eighteen years old. Furthermore, many
school systems cannot afford to purchase graphing calculators or computers for all
students to use in the classroom. Universities are lagging behind on the use of graphing
calculators. Five years ago, I had a new mathematics teacher who graduated from a
leading research university in mathematics education who had never held a graphing
calculator. I hope this situation has improved.
The final two assumptions are unattainable for several reasons. All school
systems cannot afford to purchase computers for each classroom. Even if this were
possible, there must be enough money available to have a technology person to
troubleshoot any problems that arise. Continuing, many school systems allow students
to get a Camagie unit for algebra in the eighth grade. Many systems use this fact to
allow students to take no mathematics courses their senior year. For unknown reasons,
some school systems set up policies mandating students take mathematics all four years
in high school while other school systems cannot mandate any policy the parents do not
want to uphold. Many boards of education set up policies for curriculum in their school
system. However, as soon as a parent says "lawsuit," the policy is miraculously changed
for that student. Therefore, assuming all students will study appropriate mathematics
during their senior year is a farce in many systems. Is there a way these assumptions can
be addressed in our school systems? Perhaps.
In 2000, eleven years after the first Standards was published, NCTM published a
new and revised version of the Standards entitled the Principles and Standards for
School Mathematics. I quoted their vision statement earlier in this dissertation. It is a
vision that most mathematics educators would like to see become a reality. Noticeably,
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the language has changed in comparison with the 1989 version. The words "will take"
have been changed to "expected to take." There are no lists of assumptions that can be
made. I suppose the wording in Principles had to change for some of the reasons I listed
above. The number of standards has been reduced to ten in grades kindergarten through
twelve. Each grade level has the same standards. However, the document separates
principles and standards. The six principles are: equity, curriculum, teaching, learning,
assessment, and technology. The ten standards are: number and operations, algebra,
geometry, measurement, data analysis and probability, problem solving, reasoning and
proof, communication, connections, and representation (NCTM, 2000). The theme for
this publication is connections. Amazingly, all of the ten standards can be connected to
each other and be connected to the six principles. I believe Principles and Standards to
be a very wealthy source of information to guide mathematics teachers as well as school
boards to make sound decisions for mathematics policies in their systems. However,
there are many mathematics educators who do not think Principles is rigorous enough or
concise enough for use in their classrooms.
Two factions that have opposing views on mathematics education are the group
known as Mathematically Correct and a group known as Mathematically Sane. To me,
these two groups' conversations incorporate everything I have tried to convey in this
chapter. These two factions are in much agreement about what mathematics students
should leam. However, they are diametrically opposed as to how students should learn
mathematics. For example, in an article for the Mathematically Sane group, entitled "In
the trenches: Three teachers' perspectives on moving beyond the math wars," three high

school mathematics teachers, Susan Brown, Antoinette Seidelmann, and Gwendolyn
Zimmerman, write the following:
... It may appear that this paper is addressing two issues, what
mathematics students should learn (procedural skills versus conceptual
knowledge) and how mathematics should be taught (direct instruction
versus reform-based approaches.) We would argue that there is no real
debate about what students need to learn; they need the skills and they
need the concepts. The issue is about how to teach to help students learn .
. . We agree that both procedural and conceptual knowledge are important.
Furthermore, to debate this issue is to argue a moot point. The key issue,
as we see it, is in the manner and order in which procedures and concepts
are taught. Our experience and current research bear this out. The good
news is both are attainable. Teaching first for conceptual knowledge leads
to the acquisition of procedural knowledge, but the converse is not true.
(Brown, et ah, 2002, pp. 5-6)
In an article entitled "Reform Mathematics Education: How to 'Succeed'
Without Really Trying", by Paul Clopton, cofounder of the Mathematically Correct
group, informs the reader:
Since the 1980's, there have been substantial efforts nationwide to weaken
mathematics education in America, and these efforts have largely been
successful. This is not a communist conspiracy. It flows from an honest
desire to help the less fortunate. This effort is based on the misguided
notion that weaker mathematics will be helpful to the traditionally

disadvantaged groups in our society. It is this effort, curiously known as
reform, that is the root cause of what has come to be known as the math
wars.. . The conditions that prompted this movement are obvious. Poor
people, minorities, and women are under-represented among those who
reach high levels of mathematical achievement. Those who cannot master
arithmetic and algebra are unlikely to achieve a decent college education.
There is no question that the educational system in this country is not
successful for a great many students. One way to deal with this problem is
to make the mathematics easier .. . This is reform mathematics education.
(Clopton, 2002, p. 1)
Clopton goes on to say that if all the energy that is going into the reform
movement were to be put into clearly defined achievement goals that could be
"measured," mathematics education would be better for it. I believe this math
wars debate is one of the best things that could happen to mathematics education.
In another article entitled "The Truth About the Revised NCTM
Standards: Arithmetic is Still Missing!" Bill Quirk (2002) rebukes what the
Principles and Standards has to say about arithmetic. Quirk dissects Principles
and Standards for School Mathematics by citing pages from the document that, in
his opinion, replace arithmetic with "process skills" and "discovery learning."
Quirk states that " the NCTM says that they want to maximize 'understanding',
but they still rail to recognize that specific math content must first be stored in the
brain as a necessary precondition for understanding to occur" (Quirk, 2002, p. 2).
Because there are such strong feelings on either side of the math wars, article after
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article can be found on both sides of the issue. It is great reading for anyone
interested in mathematics education. Personally, I can understand arguments for
both sides of these viewpoints. To further complicate matters, the United States
Government had to add one more piece of legislation to create more paperwork.
I will end this chapter with a short discussion on The No Child Left Behind
Act of 2001(NCLBA). This rather lengthy document written in legal terminology
is supposed to ensure that no child is left behind in education. Naturally, as
educators, we try not to leave any child behind if it is within our power. Of
course, since the government legislated that we would not leave any child behind,
we will not or they will find someone to replace us.
The document is divided up into ten titles:
• Title I—Improving the Academic Achievement of the
Disadvantaged
• Title II—Preparing, Training, and Recruiting High Quality
Teachers and Principals
• Title III—Language Instruction for Limited English Proficient and
Immigrant Students
• Title IV—21st Century Community Learning Centers
• Title V—Promoting Informed Parental Choice and Innovative
Programs
• Title VI—Flexibility and Accountability
• Title VII—Indian, Native Hawaiian, and Alaska Native Education

• Title VIII—Impact Aid Program
• Title IX—General Provisions
• Title X—Repeats, Redesignations, and Amendments to Other
Statutes (United States Government, 2001).
Under each title, there are several sections. Under each section, there are several
subsections. Basically, the government is telling educators that states must submit a plan
as to how they are going to increase their standards for educating disadvantaged children.
The government has set standards, in my opinion, that are virtually impossible to meet.
For instance, one of the plans is to hire more qualified mathematics, science, and special
education teachers. The government should have checked the websites of school systems
across the nation to discover that many states cannot fill the shortage of these teachers
immediately. Since this is a true phenomenon, it frightens me to know who is teaching
our children mathematics and science. The government wants schools to mainstream
special education students as much as possible. I understand this in theory. However,
since there is an acute shortage of special education teachers, how does the government
expect school systems to comply with this mandate unless all teachers have training in
special education? The amount of money the government is spending is staggering.
However, at a closer glance, if the money is to be spread across the nation to each state,
the amount will not come close to covering the cost of more teachers and school
buildings. It is my hope that someone in a position of power will be able to tell us how
we, as educators, are going to be able to comply with this act.
Let me reiterate the fact that I have been in education for over three decades. I
have been involved in policy making as an insider and outsider throughout these years. I
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have cherished hopes and dreams for mathematics education, which will be represented
in the Chapter VI. I want to leave my reader with a sense of empowerment in improving
mathematics education even if it involves only my readers.

Chapter VI
MY VISIONS FOR THE FUTURE OF MATHEMATICS EDUCATION
My vision for the future of mathematics education is very similar to the vision of
the NCTM's Principles and Standards that I stated earlier in this dissertation. One
particular part of the vision was

.. school districts where all students have access to

high-quality, engaging mathematics instruction. .. Knowledgeable teachers..." It takes
knowledgeable teachers to have high quality, engaging mathematics instruction. How
does anyone in a position of authority think otherwise? In this chapter, I particularly
focus on the following: (1) teacher training; (2) need for teaching the history of
mathematics; (3) the need to have secondary teachers as observers; (4) non-traditional
schools; (5) less standardized testing; (6) conceptual learning; (7) mathematics culture;
(8) teaching strategies; (9) integration of mathematics with other subject areas; (10)
attitudes of college and university professors.
Teacher Preparation Is the Key to the Future of Mathematics Education
As I alluded to earlier, many elementary teachers are very uncomfortable with
teaching mathematics simply because either they do not like mathematics or they do not
understand the subject matter. Many elementary teachers whom I have known over the
years were required to take only one mathematics course in college plus a course
sometimes entitled "Math for Teachers." However, these teachers were required to take
several courses in teaching reading and teaching young children. How can we expect
these teachers to teach a subject they do not understand? Therefore, they need to be able
to think mathematically to a certain level of proficiency.
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I believe some steps should be taken to ensure that potential elementary teachers
should be trained to teach mathematics or any other subject that they feel inadequate to
teach. For instance, if a potential elementary teacher is unsure about teaching
mathematics, then that teacher should be encouraged to take more courses that would
give him or her more confidence in teaching mathematics. Although there is a need for
teachers to have a plan each day for what they are going to teach, teacher education
courses seem to be obsessed with the perfect lesson plan. If teachers were confident
about what they were teaching, the "lesson plan" would follow with very little effort.
However, if teachers must learn the material, especially if they do not like the subject and
do not understand it, planning for that class would be overwhelming. In most cases,
elementary teachers must prepare for reading, mathematics, science, and social studies
for many different levels of ability in their classrooms. In my opinion, this is not fair to
the teachers. I believe there should be subject specialists at the elementary level,
especially in mathematics. As I state at the beginning of this dissertation, mathematics is
a subject that builds from day to day and year to year. Suppose part of the foundation is
weak, and what happens to the building? It could possibly stand but it would be weak.
The same is true with the learning of mathematics. If one part of the learning is missing,
then the rest of the learning built on the missing piece will be weak.
If we are supposed to educate everyone in our country, how can we expect
everyone entering elementary school to be on the same level? In a perfect world where
everyone has the same opportunities in life, all children should start school on a level
playing field. Many educators argue that all students should be heterogeneously grouped
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for all subjects. When this is the case, how do educators expect a single teacher to teach
twenty-two to thirty students with differing ability levels in the same classroom? Some
non-educators as well as educators reminisce about the "good old days" of the one room
school- house where the teacher taught all subjects to all students at different levels. The
teacher in the one room schoolhouse did not have to worry about multiple distractions
available to our children at the present such as: illegal drugs, outrageous parents, the
Internet, television, sports, extracurricular activities, and video games.
What I am advocating is placing experienced mathematics teachers in the
elementary schools. I would like to see enough mathematics teachers in elementary
schools who could teach students at different levels and hopefully narrow the gap
between levels of ability. These mathematics teachers would be trained in many different
methods of delivery to ensure the development of mathematics learning in all students.
Perhaps, instead of having secondary trained mathematics teachers in elementary schools,
elementary teachers who liked mathematics could be trained as mathematics specialists
by taking extra mathematics courses aimed at content knowledge and the history of
mathematics as well as training in the delivery of mathematics to elementary students.
In my visions for the future, I hope educators will teach children and not consider
the ethnicity and gender of their students. I hope mathematics education will become a
venue where women and minorities will feel comfortable. Again, I think elementary
teachers play an important role in this concern. If some elementary teachers feel
uncomfortable teaching mathematics and do not like to teach it, they will inadvertently
convey this to their students. Female students, in particular, are vulnerable to this
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scenario. Unfortunately, young girls are told by their mothers or fathers that mathematics
is too hard for them and they do not need to know it. It is hard to believe, but female
teachers who do not like mathematics boast to their students that they do not know
mathematics and they have been successful without knowing it! This is presently
happening in my own school! I have been told in recent years that women who are
"smart" are less desirable to men because "smart" women, especially women who know
and understand mathematics and science, intimidate men. I discuss regularly with
females about not feigning lack of intelligence just to be popular with the opposite sex.
The issues of gender and race in mathematics have been the subjects of numerous
research projects and dissertations. Over the last three decades, I have definitely seen an
increase of women and minority students in upper level mathematics and science courses.
In some mathematics classes, females outnumber males. The number of minority
students taking higher-level mathematics courses still lags behind the student population
at large in our system. Moses and Cobb (2001) discuss mathematics as a "tool of
liberation" for minority students. They discuss the "Algebra Project" as a statement that
equality for minority students is linked to mathematics and science literacy.
Unfortunately, some mathematics and science teachers and professors foster the notion of
superiority in students who are mathematically inclined. It is my hope that we, as
mathematics and science educators, will teach children that all knowledge is worthwhile
regardless of their gender or ethnicity. I hope all children will have the opportunity to
reach their potential in all areas of their lives.
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My vision for the future of education as well as mathematics education is that
teachers will be held in high esteem as they are in other countries. The saying "Those
who can do, those who can't teach" is used quite often. People near and dear to my heart
believe this saying. Many people in the United States describe success by how much
money people have or how many assets they have in their portfolio. Many people think
teachers should be glad for what they are paid because they do not produce a product and
they have three months off during the year. I personally think that having children
graduate from high school who can think for themselves and lead productive, happy lives
are the greatest "products" that could ever be produced. However, the old saying "you
get what you pay for" comes to mind. The majority of educators are not in education for
the money. For some people, teaching is a very good job especially for those teachers
who live in rural America. Some counties in several states give mathematics teachers a
signing bonus. However, the need for mathematics teachers remains critically acute.
Teaching the History of Mathematics in School Will Create Interest in Mathematics
I think all teachers who will potentially teach mathematics should be
knowledgeable about mathematics history. Elementary and middle school teachers do
not need a rigorous course in mathematics history. However, I believe they should have
some knowledge of the mathematicians who developed some of the mathematics we use
today. Some of the mathematicians led very interesting lives. I ordered a book on the
scandals of mathematicians last year. One of my teachers read it and decided to do an
activity with her class about these mathematicians. I envision a course or part of a course
named "Math Appreciation" just as we have "Art Appreciation" and "Music
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Appreciation." Of course, some people could be thinking how boring a class like that
would be. It would be like any course—the teacher would make the course as interesting
or as boring as any other mathematics course. One part of a methods course or one of the
education courses preparing teachers to teach mathematics could include a short history
of mathematics on a level that these teachers could understand. Other mathematics
educators also think the history of mathematics should be studied. Liu (2003) explored
five reasons for using the history of mathematics in school curricula:
• History can help increase motivation and helps develop a positive
attitude toward learning.
• Past obstacles in the development of mathematics can help explain
what today's students find difficult.
• Historical problems can help develop students' mathematical
thinking.
• History reveals the humanistic facets of mathematical knowledge.
• History gives teachers a guide for teaching. (Liu, 2003, p. 416)
Liu also states that there is little empirical data to support the study of the history of
mathematics as an effective teaching strategy in mathematics. It depends on if the
effective teaching strategy is to improve scores on standardized tests or to change
students' attitudes toward mathematics. Recently, while interviewing students for
Governor's Honors in Mathematics, many of the students expressed interest in the history
of mathematics. Most of the students I interviewed had read several books on
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mathematics. The students particularly enjoyed the biographies of the mathematicians
and what they had contributed to mathematics.
Furthermore, in our mathematics textbooks, each section has a very small
rectangle inset that gives a miniscule biography of a mathematician who discovered or
helped discover the algorithm or theorem we are studying in that section. Often, these
small biographies lead to discussions about how mathematics was developed and how
these mathematicians had professions other than studying mathematics.
Secondary Teachers Could Observe Potential Elementary Teachers Teaching
Mathematics
Another part of a teacher preparation course for elementary and middle school
teachers would be to have secondary teachers who have actually been in the classroom
(not including the people who taught a few years and then became "consultants") to
observe potential elementary and middle school teachers teaching mathematics in a nonthreatening situation. The teachers doing the observations could give elementary or
middle school teachers advice and suggestions on how to improve their teaching of
mathematics. The observing teachers could identify any errors in the content delivered
by the elementary or middle school teachers.
In meetings I have attended with elementary teachers, they invariably express the
desire to learn more content. These teachers express the desire to know whether they are
teaching the content correctly and using the correct terminology. College supervisors of
potential elementary teachers are not often knowledgeable in mathematics content to
determine if correct mathematics content is being taught. Because of the potential
positive results of correct mathematics delivery, many secondary school mathematics
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teachers would be happy to volunteer to observe elementary teachers teaching
mathematics and give them constructive feedback. It could be a win-win situation.
Non-Traditional Schools Could Help Students Have More Interest in Mathematics
Another vision I have for mathematics and science education has already been
realized in many parts of the United States. However, I believe that some form of magnet
school for mathematics and science education could be realized in every school system. I
believe students should have a core curriculum where they must take courses in literature,
history, science, and mathematics. Unfortunately for students, legislatures have decided
to require more and more courses for students to graduate from high school.

Someone I

overheard said "what they want students to know is a mile wide and an inch deep." This
is so true especially in science and mathematics education. In public education, one size
is supposed to fit all. If schools could have different diploma tracks, then students would
be free to decide what kind of education would best suit them. If a student wants to
pursue studies in mathematics and science, extra courses in mathematics and science
should be offered. If a student wants to study some form of technical education, courses
in different types of technical training should be made available. Perhaps arrangements
could be made with local technical schools for students to attend classes at the technical
school part of the day. As I stated, this has been realized in many of the larger systems.
However, I believe it should be expanded to every system. Most of the jobs in the United
States do not require a four-year college degree. Not every student who graduates from
high school needs a rigorous course in Algebra One to be successful in life. Students
need to know and understand mathematics well enough to be able to take care of
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themselves financially and independently so that they will not depend on others to take
care of their needs. If magnet schools exist, each school should have basic requirements
in common to meet some common standard set by the state.
Students will need to decide early in their high school experience if they intend to
go on to a four-year college or technical school when they complete high school. If a
student makes this decision early enough, then he or she will be able to take courses
required by a specific university or technical school as entrance requirements for their
school. However, I do not believe a student should be locked into any particular
decision. If a student decides later in high school that he or she wants to go to a
particular school without taking the required courses, then that student must realize that
he or she would need to go extra semesters to meet the requirements for that particular
school. I can understand parents' frustrations with this idea. In my opinion, forcing
students to take courses without being interested in them is worse. Which is better—
forcing students to take courses they do not want to take or have them go to school a little
longer to fulfill their dreams? That is why I believe the number of courses required for
graduation from high school should be lowered.
Less Standardized Testing Is Crucial in Improving Mathematic Education
In our mathematics courses, we are presently required to cover objectives set up
by the state. In most cases, there is no way the number of objectives could possibly be
covered in one school year. If the numbers of objectives were decreased and the ones
taught were actually learned by the student, mathematics knowledge for the students
would increase rather than decrease. However, more is not always better. It is much
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better to learn a few objectives very well rather than to cover so many objectives that the
students can only know them superficially. I think this concept should be unilaterally
applied throughout education but not just in high school mathematics courses. The end
of course tests mandated by our state are based on the objectives we are supposed to
cover in our courses. Therefore, it seems to be logical that students would perform better
on these tests if they had smaller amounts of material to be tested. Unfortunately, our
state uses standardized test scores as a big part of our "report card" for each school
system in our state. If this remains the case, my hope is that "they" will decrease the
number of objectives to be tested and become realistic about standardized testing.
This leads to another vision I have for the future. I hope that standardized testing
will become obsolete. However, I know this phenomenon will not happen in my lifetime.
I think most educators do not mind giving standardized tests as an indication of
progress—not the indication of progress or lack of it. Tests scores are used as a threat at
this point in education. In my opinion, the colleges have perpetuated the use of test
scores. As was stated in the chapter on the history of mathematics education, the college
entrance examination was conceived because the colleges wanted an indicator to
determine if students were prepared to enter college. Naturally, as is the case with most
standardized tests, mathematics and language arts were the only subjects tested on the
entrance examinations. College entrance exams were the forbearers of standardized
testing in our schools. Now, standardized testing has become another thing to be dreaded
and feared in mathematics. However, I do not understand how anyone could think
standardized testing could indicate how much learning has taken place. It only indicates
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how much time the teacher took to make sure the student chooses the correct answer on a
multiple choice question. If a teacher knows what kind of questions will be asked on the
test and the teacher has samples of those questions, the teacher can drill the students
enough so as to ensure a satisfactory score on the test. Through personal experience with
students, I know this to be the case. If teachers state that they do not teach for the test, be
wary. If they know their school will be placed on a "needs improvement list" or their
jobs are in jeopardy, they will teach to the test regardless of what they admit. Therefore,
my hope for the future is that parents will decide they want their students to know more
than what is being taught for the test. Someone in the political arena said that if a student
does well on a standardized test, at least he or she "knows" that much. How little this
person knows about learning!
Conceptual Learning Produces Long Term Results in Mathematics Education
In my way of looking at mathematics teaching, I am definitely slanted toward
conceptual learning by the student versus drill and memorization. If students develop the
concept being taught, they will remember it much longer than if they simply memorize
the concept that is told to them. For instance, suppose a student leams that multiplication
is repeated addition. Somewhere in his or her mathematics education, he or she was
shown how to place objects in groups and then count the objects. Granted, once the
student had to count seven groups of six objects for example, the time factor comes into
play. However, suppose the student understood the concept of multiplication as repeated
addition but could not memorize seven times six is it better that the student never gets the
answer or that it takes the student a few minutes to arrive at the answer? Of course, if the
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student has only an allotted amount of time to take the standardized test, then we must
opt for the memorization and hope for the best. If we want lifelong learning, then we go
with concept learning. When I say concept learning, I am implying the "how" and "why"
of a concept, not just the words of the concept.
Along this same line, I agree with McLeod's (1992) research on affect in
mathematics education. In his discussion, McLeod portrays how beliefs about
mathematics, self, social context, and mathematics teaching affect mathematics
education. Furthermore, attitudes, confidence, mathematics anxiety, self-concept, effort,
motivation, and learned helplessness are a few of the concepts from the affective domain
that affect mathematics education. I have not mentioned most of these concepts in this
dissertation because each one is a study in itself although we, as mathematics educators,
witness all of these domains every day. It is my hope for the future that many of the
concepts listed above will become positive attributes toward mathematics education.
Let me reiterate the fact that conceptual learning in mathematics cannot take place
unless it is started in the elementary schools. Therefore, if elementary teachers are not
comfortable with the concepts themselves, how can we expect them to teach these
concepts to their students? As was stated several times earlier, mathematics is the
subject students have to build from one year to the next. That is why training of
elementary mathematics teachers is so important to the future of mathematics education
(also see Clements, 2003).
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The Mathematics Education Should Be a Culture Within Itself
Since mathematics is a part of our everyday lives, mathematics education should
be considered as a part of our culture. Although many people would agree that
mathematics is an obscure subject to be dreaded and feared, these same people will agree
that mathematics is a subject that we cannot afford to eliminate from our classrooms.
Parents, administrators, teachers, and students need to perceive mathematics as a way of
life. I share the views of Bishop (1991) who proposes that we look at mathematics
education as a cultural phenomenon. I alluded to this point of view in my discussion on
hidden curriculum. Bishop looks at mathematics education from an anthropological point
of view. He discusses how mathematics education is process that develops in stages—
environmental activities, the child, the curriculum, the process, and finally the
mathematical enculturators. His novel way of looking at mathematics education stresses
that everyone surrounding the child must be responsible in some way for the mathematics
education of that child. Teachers play a tremendous role in making their classrooms a
place where mathematics is studied as a way of life. Similarly, Nickson (1994) looks at
culture in the mathematics classroom. He discusses the idea of mathematics teachers as
being the agents of mathematics culture in the classroom. He calls hidden curriculum
"invisible" components in the teaching and learning of mathematics in the classroom.
Teachers who are not comfortable with mathematics will inadvertently convey this
message to their students. Therefore, teachers should be careful of their body language,
the "hidden" implications of the statements they make in the classroom, and their
attitudes toward mathematics as a subject.
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This brings to mind Nel Noddings' approach to education by caring. Most people
perceive mathematics as a cold, calculating subject that entails memorizing facts and
methods of solving problems. The mathematics classroom can be made into an
environment where the student feels comfortable and not fear the study of mathematics. I
totally agree with Noddings on her approach to education by caring in many different
aspects of the word caring. Noddings (1992) not only thinks that we should care for our
students, but that educators should model caring in that we should be able to receive care
as well as give it. Caring is a relational encounter between two human beings. As
mathematics educators, we must show that we care about the students as people while
respecting their ideas about mathematics and about life. The letters I treasure the most
from students are letters they write thanking me for caring about them and simply
listening to them. They do not mention mathematics in their letters. How can anyone put
a price tag on that or write objectives about caring? In her article about Nel Noddings,
Bridget Arvold (2002) described events that led to the writing of the article. She had
encountered some very negative, competitive actions by teachers at her school and
wondered if it were possible to have a caring supportive environment at school. In the
future, I envision all schools will be able to boast about a caring environment in which
their students are able to learn. In my department, we care very much for each other. We
help each other plan, we share ideas, and we care about what is happening in each other's
lives. Other departments envy our support for each other.
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Teaching Strategies Play a Very Important Role in the Mathematics Classroom
I am not so naive as to think that all learning must take place by "discovering" the
concept to be taught. Time constraints are a major factor in public education. However,
I still envision mathematics classrooms as "laboratories" where the students are able to
experience mathematics instead of simply listening to it day after day. I know that
mathematics is being taught in this manner in some places. Jason Cushner (2001) wrote
an article in Mathematics Teacher about his "Rockin' roadtrip math" where he took
students into the mountains to learn mathematics. What a wonderful adventure! That
would be the best way to leam mathematics—by doing it. I wonder if his state has
testing where he must justify that everything he is teaching in mathematics is on the
"test." I admire him and other adventurous teachers who take their students to Disney
World and other theme parks to actually see how the mathematics works. One of my
teachers did that before all of the mandated requirements began. Her students enjoyed it
even though things did not go perfectly at the park.
Teachers must listen to their students and what they say about mathematics as
well as education in general. We as educators are inclined to tell students what they need
to know and not listen to what they have to say. Brent Davis (1995) discusses other
aspects of the mathematics culture in the classroom. He describes the teacher's pedagogy
as "telling" and "listening." Davis gives the following as teaching as telling:
.. .the teacher's task involves first selecting the bits of knowledge to be
passed on and then representing them to learners in an efficient and
effective manner. (Davis, 1995, as cited in Pinar, 1999, p. 334)
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Davis further discusses how enactivism-interconnections relate individuals to their
environment rather than on their separations from if. Enactivism sounds very similar to
Systems Thinking that I addressed earlier. I believe, in education today, it is very hard to
put a label on what we do in the classroom when some of us use varied techniques. I
agree with Davis in that a teacher should listen to students as well as tell them what they
need to know. Davis also states, "Enactivism regards personal identity as the very
process of change itself (p.332)." I believe, as teachers, we must be willing to constantly
change our ways of teaching so we can reach all children without relying on one method
of pedagogy.
As I stated in the introduction, I lean toward constructivism in terms of the way I
like to teach. In an email I received from Philip Jackson about his theoretical framework,
he stated he did not claim to be any one theoretical framework. He said he simply liked
to study education. I simply like to teach mathematics. I like to take what the students
know and what they think further. The best words a student could ever say to me in my
classroom are "Ms. Smith, I have never thought this hard in my life." My hope for the
future of mathematics education is that all students will say these words to all of their
teachers every year they progress in mathematics learning. David Jardine (1998)
discusses in the chapter "On the Humility of Mathematical Language" how he talks with
his prospective elementary student teachers about the need to listen to young children
because they are inherently mathematical. Jardine states it so wonderfully: "It is the first
glimmerings of a precious realization so essential for student-teachers to undergo—that
understanding erupts out of life itself and not simply as a response to our concerted acts
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of teaching and, therefore, that teaching must first and foremost attune itself to what is
already at work in our lives and the lives of children we teach" (p. 60). Even though I do
not teach young children, I still find his statement applied profoundly to the older
children I teach.
In my classroom, students are allowed to discuss subjects relating to mathematics.
Often, a discussion of mathematics leads to a discussion concerning other aspects of life
for the students. John Richards (1991) gives several examples of how mathematics could
be taught as a discussion regardless of mathematical content and concept knowledge of
the teacher. Although I do not agree with some of his conclusions, I agree with his desire
to have mathematics discussions in the classroom. I also think the teacher needs to know
content knowledge so that the students will learn mathematics correctly. From my
personal experience of working with students, it is very difficult for students to "unlearn"
a concept after they have learned it incorrectly over several years.
Unfortunately, the federal government has mandated that teachers must teach all
children at the same level of competency and make modifications for those who cannot
not learn at the same rate as the other children in their class. I agree with this to some
extent. However, learning cannot be mandated. Teachers make modifications as much as
possible for the slow learners in their classrooms. When there are eight or more special
education students in one classroom, it is very difficult to teach on many different levels
in the classroom. The No Child Left Behind Act (2001) mandates that each mathematics
classroom have highly qualified teachers and all students should learn the same
objectives regardless of their learning ability. In a secondary school setting, this mandate
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is almost impossible to achieve. Students in secondary school must earn credits in order
to graduate from high school. How can teachers have a mathematics learning
environment in their classrooms when students are on many different levels? There is an
extreme shortage of special education teachers and mathematics teachers in our nation. I
do not know what the future holds for mathematics education in relation to this act. The
NCTM Research Advisory Committee (2003) discusses how the U. S. Department of
Education's Strategic Plan 2002-2007 compares education to medicine, agriculture, and
industrial production. The bottom line is whether or not the Department of Education will
fund scientifically based research or will it fund randomized experiments and clinical
trials? Research with children is not the same as research in medicine or agriculture. I
hope people come to their senses before billions of dollars are spent on such research.
Many mathematics teachers do wonderful things in their classrooms to enhance
the learning of mathematics. I wish there were more time to do much more exploring in
the classrooms. When I attend state, regional, and national conferences, the discussion
among teachers is always the same—there is not enough time to do all of these great
things in the classroom because of time constraints and standardized testing. Teachers
are actually discouraged from doing innovative things in their classrooms unless what
they are doing covers a state objective that will be on the test! I agree with Lott and
Souhrada (2000) who address issues of what to teach in the classroom in the 2000 NCTM
Yearbook. They address the fact that high school and college curricula are not preparing
students for the workplace. Our business community reiterates that same fact. However,
let me put a different slant on this topic. A few years ago, some of my applied

209
mathematics teachers went to different businesses and asked people who owned the
businesses to give them examples of how mathematics is used in their workplace. The
majority of the businesses said they did not have time to give the teachers any examples
of how mathematics was specifically used in their businesses. They simply said students
needed to know fractions and decimals and be able to make change without a calculator.
Many of the businesses had simple math tests they gave to the potential new employees.
However, they did not allow the employees to use calculators to take the test. Rather
than complaining about how deficient students are in mathematics when they graduate
from high school, business leaders should provide someone to discuss with mathematics
teachers what kind of mathematics problems are used at their place of work.
"Beyond Eighth Grade," a publication as the result of investigation by the
National Center for Research in Vocational Education (NCRVE). Form an and Steen
(2000) discuss a proposed three-year study of functional mathematics in high school to
prepare students for life and work as well as college. I agree with the solid mathematics
curriculum they propose for students, which would definitely prepare students for the
workplace and college. However, many of the topics they propose they propose to teach
are not objectives mandated by our state curriculum. Perhaps the business communities
could be the catalysts for legislatures to re-think a strict objective based curriculum. The
business community needs to decide what mathematics they want students to know and
they need to convey their wishes to educators in their community.
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The Integration of Mathematics with Other Subject Areas Would Enhance
Mathematics Education
My vision is that mathematics will be integrated with other subjects on a regular
basis and the curriculum in schools will be an ongoing process of change to meet the
needs of the students. Because of my recent experience with Governor's Honors students,
I propose we incorporate mathematics history with world history. I agree with Lightner
(2001) who suggests teaching mathematics history as part of world history. He reiterated
the fact that mathematics history was very much intertwined with cultural and political
influences of the period. He discussed that making connections between mathematics
and world history would bring both subjects to life for students by showing the students
that all subjects taught in school are interrelated in many ways. Ian Stewart (1998)
discusses in his book Life's Other Secret how mathematics is the second secret of life
whereas DNA is the first. Throughout his book, Stewart shows the relationship between
mathematics and molecular structure. He gives numerous examples of how cell growth
follows a pattern, how flowers and other life forms follow the Fibonacci sequence, and
how gaits of animals are examples of periodicity.
Another interesting way to enhance the mathematics classroom is to read
mathematics books that depict characters using mathematics in a fictional setting. In his
book. The Math Gene, Devlin (2000) tells the story of a young girl with a "math gene."
In his discussion on how mathematics is a learning process, Devlin relates this learning
process to psychology, sociology, and language. In his chapter, "Do Mathematicians
Have Different Brains?" Devlin tells the story of "Emily X," a brilliant young woman
who literally vanishes for five years and returns with amnesia. This would be an
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extremely interesting story in a psychology class, biology class, or a mathematics class.
Of course, this story is not true. However, he uses the story to illustrate several points
about learning mathematics in a way students would find fascinating. Using fictional
stories to illustrate mathematical concepts would be a wonderful way for students to read
and learn mathematics. Abbott (1998) wrote a fictional book, Flatline, about living in a
world with only two dimensions.

In Surreal Numbers, Knuth (1974) wrote a fictional

account of two ex-students who had a conversation about mathematics. Petsinis (1997)
wrote a fictional novel about the life of French mathematician Evariste Galois. Because
students' attitudes and external influences imposed on them change year after year,
educators must be able to make connections between subjects and show their relevance to
the students' lives. However, in many ways, educators are still teaching students in the
same way students were taught a century ago. This must change.
The Attitudes of College and University Professors Who Teach Mathematics Must
Change Favorably Toward Students Who Major in Mathematics Education
My vision for future mathematics educators is that the attitudes of university
professors toward those of us "in the trenches" will change. Let me illustrate this point.
When I was searching for a university to pursue a doctorate degree, I talked with a very
well respected professor about the doctoral program in mathematics education at his
university. After I told him what I was looking for, his first words to me were, "What
have you published?" I told him that I had not published anything. He said to me, "I
can't believe you have been in mathematics education for thirty years and have not
published anything!" I proceeded to tell him that I was too busy teaching students
mathematics to have had time to sit in an office and "do research." Needless to say, I did
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not apply to that university even though he sent me an application and his attitude
changed immediately after what I had told him. I, as well as most of the mathematics
education majors today, experienced this prejudice throughout undergraduate and
graduate experiences, particularly in subject area courses. Education majors were treated
with disdain as if they were not as smart as the pure mathematics majors. One of my
teachers, who graduated three years ago from the very same university where I had
inquired about the doctoral program, told me that in some of her mathematics courses, the
professors would divide the students into two groups—pure mathematics majors and
education majors. She said the professor would teach to the pure mathematics major
group! Why would anyone want to get a mathematics education degree after being
treated like that? No wonder there is such a shortage of mathematics teachers!
Furthermore, as I alluded to earlier, many of my education professors, who were teaching
us methods courses and who had taught only a few years in public education, were telling
us how to teach. We repeatedly tried to tell them the textbook methods they were telling
us did not work most of the time. I believe pre-service teacher educators should spend
some hours in public school classrooms in order to discern what public school teachers
must endure to teach children in today's classrooms. They must understand that many of
the teachers they teach are very intelligent people who want to make a difference in
education while interacting with children.
My Concluding Visions for Mathematics Education
My final thoughts on the future of mathematics education include hope. I hope
teachers continue to send their great ideas to journals like the Arithmetic Teacher and the
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Mathematics Teacher to share with other mathematics teachers throughout the world. I
hope mathematics teachers continue to debate mathematics education in such venues as
Mathematically Sane and Mathematically Correct. I hope parents, teachers of
mathematics, mathematics educators, and people who are interested in mathematics
education will form committees and have public meetings to discuss what they want their
children to know about mathematics. If parents and others who are interested in
mathematics education would stop telling their children that math was their worse subject
in school, mathematics education would improve considerably. Parents do not realize
that simply saying their children do not do well in mathematics gives their children an
excuse not to do well in mathematics. We expect parents to know these things about
education when they really do not realize that what they are saying hurts the education of
their children. I hope mathematics will become a subject where students will rush to get
to class because they want to find out what happens next. Fortunately, students who rush
to class happens in some classrooms across the country. I hope that could happen to all
mathematics classrooms. I hope mathematics teachers will continue to expand the use of
technology in their classrooms and use it as a tool but not a crutch. I never will forget the
time I was taking a final in a research class. We were allowed to use calculators. One of
the students' calculators stopped working during the exam. He had not brought extra
batteries. He simply handed in his paper and left because he had no idea how to plug the
numbers into the formulas and get the answers without a calculator. (This was before
graphing calculators!) Much research is being done in the use of technology in the
mathematics classroom. One study by Heid, Hollenbrands, and Iseri (2002) described
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how a computer algebra system (CAS) was used to enhance mathematical reasoning used
by a seventh grade student. More and more studies have been done and will be done on
technology use in the classroom. However, we must keep in mind that not all school
systems can afford to have as much technology in their schools as other school systems.
This is one reason only comparing scores between schools is unfair. In any kind of
comparison of data, one should compare apples to apples but not apples to oranges.
My visions for the future of mathematics education can be summarized as
follows. By placing mathematics teachers/specialists in elementary classrooms,
mathematics education would improve for the students. Every potential teacher of
mathematics should study the history of mathematics to some degree. Veteran secondary
teachers of mathematics can be used as non-threatening observers of elementary and
middle school teachers teaching mathematics. It is important to establish some form of
magnet schools where students would have concentrations in mathematics and science.
By reducing the number of courses required to graduate from high school, students could
stay in school without getting behind. By reducing the number of objectives taught in
mathematics courses, teachers could thoroughly teach the required objectives. Reducing
the number of standardized tests that students must take would increase the amount of
time teachers could teach in their classrooms. Conceptual learning in mathematics
learning reduces the need for students to memorize. Mathematics classrooms should be
constructed so that students could experience mathematics in a laboratory setting.
Elementary teachers should increase the amount of time they teach mathematics in their
classrooms. Mathematics should be integrated with other subjects such as history and

215
science. University and college instructors of potential mathematics teachers should treat
students in mathematics education with the same respect as they treat students majoring
in pure mathematics.
This dissertation was written from my own personal experiences in education that
span over three decades. I am well aware that statistics can refute or substantiate
everything I have discussed throughout this dissertation. Statistics is a passion of mine.
"Statistically speaking" are two words I say at least two times daily. However, I have
tried to stay away from statistics in this dissertation. Quoting statistics was not what I
wanted to do in this dissertation. When I read theoretical material, I want to know what
that person has to say but not what she/he thinks everyone else has to say. I tried to quote
others' material only when the quote lent itself to what I wanted to say. When I read
quote after quote or study after study in theoretical work, I lose track of what the author
is trying to say. Furthermore, I do not claim to be an expert in mathematics education—
far from it. I have many more questions than answers. I will continue to question what is
happening in mathematics education and education in general until "they" get it right.
Who is to say what is right? That is my final question on reconcepualizing mathematics
education.
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